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Abstract
DAVID A. EBY: Binary Tetrahedral Flavor Symmetry.
(Under the direction of Paul H. Frampton)
A study of the T
′
Model and its variants utilizing Binary Tetrahedral Flavor Sym-
metry. We begin with a description of the historical context and motivations for this
theory, together with some conceptual background for added clarity, and an account
of our theory’s inception in previous works. Our model endeavors to bridge two cat-
egories of particles, leptons and quarks, a unification made possible by the inclusion
of additional Higgs particles, shared between the two fermion sectors and creating
a single coherent system. This is achieved through the use of the Binary Tetrahedral
symmetry group and an investigation of the Tribimaximal symmetry evidenced by
neutrinos. Our work details perturbations and extensions of this T
′
Model as we
apply our framework to neutrino mixing, quark mixing, unification, and dark mat-
ter. Where possible, we evaluate model predictions against experimental results and
find excellent matching with the atmospheric and reactor neutrino mixing angles, an
accurate prediction of the Cabibbo angle, and a dark matter candidate that remains
outside the limits of current tests. Additionally, we include mention of a number
of unanswered questions and remaining areas of interest for future study. Taken to-
gether, we believe these results speak to the promising potential of finite groups and
flavor symmetries to act as an approximation of nature.
iii
Acknowledgments
First and foremost, David Eby is grateful to Paul Frampton, his longtime advisor,
co-author, and colleague for his guidance and his irreplaceable assistance in com-
pleting his research and this dissertation. David is also grateful to the rest of his
committee, Y. Jack Ng in particular, for their backing despite trying circumstances.
He would like to thank his friends for their support and the department for its coun-
sel and instruction. He would also like to express his gratitude to Shinya Matsuzaki,
the former group postdoc, for useful discussions and a productive collaboration. He
wishes to thank his Family for their enduring love and, lastly, sends thanks to those
unmentioned that have aided in his work and his life.
iv
Table of Contents
List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii
List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix
List of Abbreviations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Historical Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2.1 Flavor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2.2 The Standard Model . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2.3 Lingering Mysteries and BSM Physics . . . . . . . . . . . . . . . 8
1.3 Group Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.3.1 Symmetry Groups . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.3.2 A4 and T
′
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.4 Recent Developments in Neutrino Theory . . . . . . . . . . . . . . . . . 18
1.4.1 Neutrino Masses and Mixings . . . . . . . . . . . . . . . . . . . 18
1.4.2 Majorana Neutrinos . . . . . . . . . . . . . . . . . . . . . . . . . 20
1.4.3 Tribimaximal Mixing . . . . . . . . . . . . . . . . . . . . . . . . . 22
1.5 The T
′
Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
1.5.1 A4 and the Lepton Sector . . . . . . . . . . . . . . . . . . . . . . 24
1.5.2 The Minimal T
′
Model . . . . . . . . . . . . . . . . . . . . . . . . 31
v
1.5.3 Cabibbo Angle Prediction . . . . . . . . . . . . . . . . . . . . . . 34
2 T
′
Model Perturbations and Neutrino Mixing . . . . . . . . . . . . . . . . . 37
2.1 Revised Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
2.2 Perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.3 Direct Predictions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
2.4 Correlated Projections . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3 An Expanded T
′
Model and Quark Mixing . . . . . . . . . . . . . . . . . . . 51
3.1 Model Extension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.2 NMRT
′
M (D) Predictions . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.3 Comparison with CKM Data . . . . . . . . . . . . . . . . . . . . . . . . 57
4 Quartification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.1 A T
′
Quiver Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.2 Yukawa Couplings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
5 T
′
Model Dark Matter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
5.1 Dark Matter Background . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
5.2 The Valencia Mechanism and an Augmented Model . . . . . . . . . . . 67
5.2.1 Alterations to the MRT
′
M . . . . . . . . . . . . . . . . . . . . . . 67
5.2.2 Generalized SeesawMechanism . . . . . . . . . . . . . . . . . . 70
5.3 T
′
Dark Matter Predictions . . . . . . . . . . . . . . . . . . . . . . . . . 72
5.3.1 Relic Density and WIMPMass . . . . . . . . . . . . . . . . . . . 72
5.3.2 Dark Matter Detection . . . . . . . . . . . . . . . . . . . . . . . . 74
6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
6.1 Further Tests and Future Experiments . . . . . . . . . . . . . . . . . . . 77
6.2 Outstanding Questions and Future Directions . . . . . . . . . . . . . . 78
vi
6.3 Summation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
A The Higgs Scalar Potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
B Counting Relativistic Degrees of Freedom . . . . . . . . . . . . . . . . . . . 86
Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
vii
List of Tables
1.1 Standard Model Constant Summary . . . . . . . . . . . . . . . . . . . . . . 7
1.2 Multiplication Table for Z2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.3 Character Table of A4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.4 Kronecker Products for irreps ofA4 . . . . . . . . . . . . . . . . . . . . . . 16
1.5 Character Table of T
′
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.6 Kronecker Products for irreps of T
′
. . . . . . . . . . . . . . . . . . . . . . . 18
5.1 Quark Group Assignments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.2 Lepton Group Assignments . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.3 Higgs Group Assignments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
B.1 Relativistic Degrees of Freedom . . . . . . . . . . . . . . . . . . . . . . . . . 87
viii
List of Figures
1.1 A Reference Tetrahedron . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.1 Data comparison of θ13−θ23 neutrino mixing plane, assuming 0 < θ23 < 45◦ 48
2.2 Data comparison of θ13−θ23 neutrino mixing plane, assuming 0 < θ23 < 90◦ 49
3.1 Data comparison of quark mixing parameter δKM . . . . . . . . . . . . . . 56
3.2 Data comparison of quark mixing parameter |Vtd/Vts| . . . . . . . . . . . . 57
3.3 Data comparison of quark mixing parameter |Vub/Vcb| . . . . . . . . . . . . 58
5.1 WIMP cross-section vs. mass experimental limits . . . . . . . . . . . . . . . 75
ix
List of Abbreviations
A4 Tetrahedral Symmetry Group
BSM Beyond the Standard Model
CKM Cabbibo-Kobayashi-Maskawa matrix
CP Charge-Parity Symmetry
IH Inverted Neutrino Mass Hierarchy
irrep Irreducible Representation
MRT
′
M Minimal Renormalizable T
′
Model
MSM Minimal Standard Model
NH Normal Neutrino Mass Hierarchy
NMRT
′
M Next-to-Minimal Renormalizable T
′
Model
PMNS Pontecorvo-Maki-Nakagawa-Sakata matrix
QCD Quantum Chromodynamics
QED Quantum Electrodynamics
SUSY Supersymmetry
T
′
Binary Tetrahedral Symmetry Group
TBM Tribimaximal Mixing
VEV Vacuum Expectation Value
WIMP Weakly Interacting Massive Particle
Z2 Cyclic Symmetry Group, of Order 2
x
Chapter 1
Introduction
1.1 Overview
Particle physics currently stands in transition. After a search lasting decades, the
Higgs Boson, the final outstanding prediction of the Standard Model, has been dis-
covered. And, despite lingering unexplained questions leading to dozens of inno-
vative theories developed in the intervening years since the Standard Model’s cre-
ation, the physics community has not settled on a likely successor, or even agreed
on a single direction to pursue. Currently, there are numerous theories working on
a multitude of problems in the hopes of uncovering the path to a more fundamental
understanding of nature.
In this dissertation we hope to describe one of the relatively newer areas of study,
and, more specifically, to explain the development, evolution, and means for eval-
uating our model of Binary Tetrahedral Flavor Symmetry. While this text includes
background on several topics, we should note that it is written with the expectation
that the reader has a working knowledge of both the particle content and the fun-
damental principles of the Standard Model. This is not written with the intention of
being a text for instruction or a comprehensive resource, and merely describes the
relevant sections of traditional particle theory. For the duration, except where noted,
we will be using the natural units of ℏc = 1
In this first chapter, we give an extended background on several topics. We high-
light the successes and ongoing shortcomings of the Standard Model, noting key fea-
tures that tie in with our model. Group Theory, in particular, remains a key tool in
the study of nature. We define mathematical groups and describe a series of groups,
both familiar and practical examples, for later use. The uncharged leptons, known
as neutrinos, have continued to prove surprising and notoriously difficult to explain
in the 80 years since first proposed. Despite these challenges, neutrinos act as an
entry point for most modern flavor models, including ours, and it behooves us to
describe recent discoveries and suggested explanations in that area. This includes
neutrino masses, mixings, and the proposed Majorana designation. Our background
will conclude with a description of the Minimal RenormalizableT
′
Model (MRT
′
M).
This model serves as a starting point for all of our subsequent original work and we
include both its approach to the dual sectors of quarks and leptons, as well as its
pioneering Cabibbo Angle approximation.
In the second chapter, and first chapter of original work, we discuss a signifi-
cant revision to the previously established model. By rearranging our assumptions
of inputs and variables, we are able to determine new relations between the mixing
parameters of quarks and leptons. We describe the manner by which we have de-
termined a relation between the neutrino mixing angles as a result of the deviation
between the experimental data and the prior Cabibbo Angle prediction. We assess es-
timates for both individual 3-neutrino mixing values, and correlated values, in light
of the recent groundbreaking experimental results. While no experiments currently
running have the express purpose of validating our model, we compare our predic-
tions with the global fits of accumulated neutrino data.
The following chapter seeks to extend our model in order to encompass the full
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quark mixing matrix, rather than a simplified mixing of the first two quark fami-
lies. The Next-to-Minimal Renormalizable T
′
Model (NMRT
′
M) will introduce both
many new parameters and a greatly expanded potential utility. Though our predic-
tions of quark mixing, Cabibbo angle aside, remain limited in comparison with their
neutrino counterparts, we hope this model will better enable testing of our ideas as
mixing parameters become better defined in the coming years.
Next, we seek to integrate our prior work more closely with the physics of the
Standard Model. Where, elsewhere in our research, we are primarily concerned with
flavor physics, here we attempt to fuse our work with the famed physics of (SU(3)C×
SU(2)L ×U(1)Y). This is achieved by combining the binary tetrahedral group with
multiple SU(3) groups, in an arrangement called quartification. While not as data
driven as our other work, this discussion provides a successful test case of unification,
and may lay the groundwork for connection with other theories, including GUTs and
string theory.
Our final chapter of original work modifies the symmetry groups and particle
content of our model to create a potential explanation for darkmatter. We first discuss
the general mechanism that allows for a suitable dark matter particle candidate to
arise out of the finite symmetry, as well as the specifics of how these methods are
integrated into our theory. We describe several properties of this new particle and
show how it currently remains outside current testing limits.
We end our discussion with some concluding thoughts. These include a descrip-
tion of which ongoing and proposed experiments will provide results suitable for
testing our theories in the coming decade, as well as a summary of the limitations of
our model and the remaining outstanding questions, wrapping up with a few reflec-
tions on the greater significance of this work.
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Not since the years prior to the invention of general relativity and quantum me-
chanics, nearly a century ago, has physics been at such a turning point. With the ex-
haustion of old theories and a dawning generation of colliders and detectors poised
to discover new physics, we have hope that the next few years will prove just as
revelatory.
1.2 Historical Theory
1.2.1 Flavor
The initial discovery of flavor physics, while highly remarked upon at the time,
was unrecognized for its true significance. In 1936, physicists Carl Anderson and Seth
Neddermeyer were using cloud chambers to examine the decay products of cosmic
radiation that survived long enough (aided by relativistic effects) to reach ground
level. Cloud Chambers are designed to indicate the curved (due to a magnetic field)
trail of electrically charged particles in water droplets, which, via the equations of
centripetal motion, can determine a particle’s mass. They discovered a particle that
had a mass between that of the electron/positron and the proton (the only other
charged subatomic particles known at the time).[1] One year earlier, Hideki Yukawa
had proposed a new particle, dubbed the meson, to mediate the strong nuclear force
and have a mass approximately the same as the newly discovered particle. This led
to the muon’s name, a conjunction of µ (at the time, the symbol used for mesons) and
meson. Later on, physicists would recognize that the muon more closely resembled
an unstable, heavier version of the electron, and would repurpose the name meson
to mean bound states of quark-antiquark pairs. While the π meson, not the muon,
would turn out to be Yukawa’s predicted particle, both discoveries marked a funda-
mental step forward in physics.
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To say the muon was unexpected would be an understatement: Isidor Rabi is
reported to have said, ”Who ordered that?” upon hearing of its discovery, but the
muon acted as a harbinger of the future of particle physics in several ways. It was
the first indication that the family of leptons, fundamental fermions that do not in-
teract via the strong nuclear force, was larger than simply the electron. It was also
the first indication of flavor, and of forthcoming particle discoveries exhibiting sim-
ilar interactions and ever-increasing mass scales. Thus began an 80-year struggle to
understand and explain this odd corner of physics.[2]
Our modern understanding of flavor contains much more variety. We currently
know of 6 flavors of quark, organized into 3 families, each of which consists of an
up-type quark and a down-type quark. The three up-types, from lightest to heaviest,
are named the up, charm, and top quarks. The three down-types, from lightest to
heaviest, are named the down, strange, and bottom quarks. Each quark has a fla-
vor charge (with corresponding antiquarks given opposing flavor charges), and, as
fermions, have a spin of 1
2
. Leptons, the other fermions, also have spin of 1
2
and sev-
eral flavors, one for each of the three families, each of which contains a single charged
lepton (e−, µ−, and τ−) and neutrino (νe, νµ, and ντ ).
1.2.2 The Standard Model
Unification
In the 20th century physicists developed several theories to deal with a profu-
sion of new phenomena. By the 1930s, the community was aware of 4 fundamen-
tal forces: gravity, electromagnetism, the strong nuclear force, and the weak nuclear
force. Gravity had been explained by general relativity, although it continues to resist
consolidation with the other three. Electromagnetism, which had been explained in
the 1800s byMaxwell’s laws, was developed over the 1940s and 50s into the theory of
5
Quantum Electrodynamics (QED), explaining the interaction of electric andmagnetic
fields in terms of charged leptons and photons. The strong nuclear force continued
to advance our understanding of quantum fields during the development of Quan-
tum Chromodynamics (QCD), which explained the inner workings of hadrons by
proposing a new set of mediating bosons, the gluons. QCD also managed to bring
some order to the ever-growing number of mesons and baryons by reducing them to
various combinations of the six currently known flavors of quark, in what came to be
called the Eightfold Way.
In 1967, it was realized that QED and the weak nuclear force could be unified
under the gauge groups (SU(2)L ×U(1)Y).[3] This new electroweak symmetry was
later combined with the SU(3)C of QCD to form the basis of the Minimal Standard
Model (MSM).[4,5] This model proved to be one of the most successful in the history
of theoretical physics crafting dozens of accurate predictions including the W± and
Z0 bosons,[6–9] the charm,[10, 11] bottom,[12] and top quarks,[13, 14] as well as the
gluon.[15–18] With the discovery of the Higgs boson in 2012, it has now reached
completion.[19, 20]
28 Parameters
Key parts of the overall MSM theory are the 28 parameters (sometimes seen num-
bering 18, given the original assumption that neutrinos were massless and exhibited
no mixing). These constants have no predicted value, and yet, are part of the the-
ory. In a sense, it is a marvel that an accurate description of the known universe
(on small scales, excluding gravity) can be described using a single framework with
under thirty measurable quantities. These constants consist of:
• 6 masses for the quarks
• 3 masses for the charged leptons
• 3 mass eigenstates for the neutrinos
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• 3 gauge couplings for each of U(1)Y, SU(2)L, and SU(3)C
• 3 angles from the CKM matrix and a CP−violating phase
• 3 angles from the PMNS matrix and a CP−violating phase
(assuming Majorana neutrinos)
• Mass of the Z0 boson
• Mass of the Higgs boson
• The QCD vacuum angle
These constants and their known values from Ref. 21 have been summarized in
the following table.
Description Parameter Value
Up−type quark masses mu,mc,mt 2.3MeV, 1.28GeV, 173.5GeV
Down−type quark masses md,ms,mb 4.8MeV, 95MeV, 4.18GeV
Charged lepton masses me,mµ,mτ 511keV, 105.7MeV, 1.78GeV
Neutrino mass states mν1,2,3 <∼ 1eV
Gauge couplings g1, g2, g3 0.345, 0.630, 1.184
CKM angles & CP−phase Θ12, Θ13, Θ23, δCP 13.0◦, 0.2◦, 2.4◦, 0.995 rad
PMNS angles & CP−phases θ12, θ13, θ23, δi i=1, 2, 3 ∽33.9◦, ∽9.1◦, >∼ 38.5◦, δi =?
Electroweak scales MZ0 ,MH 91.2GeV, ∽125GeV
QCD vacuum angle θQCD ∽0
Table 1.1: Determined underMS scheme. See Ref. 21 for the individual renormaliza-
tion scales used.
Despite this compact form, it remains an ongoing effort among physicists to sim-
plify and combine these items. These efforts take several forms and fall under several
different searches.
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1.2.3 Lingering Mysteries and BSM Physics
Amazingly successful, prescient for its time, a roadmap for 40 years of parti-
cle physics, and indisputably incomplete−these all describe the Minimal Standard
Model (MSM) of particle physics. Experimentalists have spent much of the past
half-century searching for the last pieces of this theory, while also hunting for in-
dications of where it falls short. After such a long search, physicists are not entirely
empty handed in their quest for so-called Beyond the StandardModel (BSM) physics,
and these problems generally fall into two categories. The first details places where
experiments have deviated from MSM expectations; the second might be generally
classified as theoretical inconsistencies of MSM theory, where idiosyncrasies (either
problems or coincidences) indicate that we do not yet have a complete understand-
ing.
Experimental Contradictions
For decades, neutrinos were thought to be massless. This was, in part, a result
of how little information has been gathered in the 80 years since they were initially
described. It should be noted that this is in no way an indication of a lack of interest
on the part of the physics community, on the contrary, it is due to the weak nature
of neutrino interactions, and the extreme means that experimentalists must go to
in order to obtain statistically viable data. Consequently, when the MSM was being
formulated in the 1970s, it was believed that neutrinos were simplymassless. Though
it had been suggested for years that neutrinos might have a small but non-zero mass,
or that additional massive neutrinos might be hidden from experiments via some
hypothetical mechanism, it was not until 1998 that the Super-Kamiokande Neutrino
Detector was able to measure neutrino flavor oscillation (i.e. that a neutrino could
change its own flavor, from electron neutrino to muon neutrino, for example).[22]
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If that were the end of it, the MSM could be briefly amended to include neutrino
masses with little other consequence. However, there were a number of additional
mysteries borne out of this discovery. There is the question of why neutrino masses
are so very light, of why they do not exhibit the nearly diagonal mixing exhibited
by most other fermions, and why, unlike all other fermions, they do not appear to
be Dirac particles. These mysteries provide much of the motivation for the models
detailed in later chapters.
During the 1970s astronomers began to examine galactic rotation curves, a mea-
sure of the relative rotational velocity of galactic plane segments.[23] These curves
were expected to peak at a small radius and have long diminishing tails at higher
radii as one traveled further from the galactic core. This would roughly correspond
to a quickly spinning area fairly close to the center of the galaxy with the remainder
dragging behind. Instead, they observed that the galactic rotation remained fairly
constant out to large distance.[24] This indicated that the density in most galaxies
was steady to a much greater degree than was visibly indicated. Combined with an
observation of galaxies in the Coma Cluster dating from the 1930s,[25] this missing
mass was dubbed Dark Matter, as both indicated evidence for significant mass in ex-
cess of what could be visibly observed. Now there are many elements to a galaxy
that are not observable from one part of the spectrum or another, but we have con-
tinued to catalog a multitude of galaxies that otherwise conform to our established
models, yet still manage to have this unseen and unexplained excess of mass. As-
trophysicists have also made use of gravitational lensing to indicate the presence of
dark matter.[26] Gravitational lensing is the practice of measuring the mass of a large
stellar body by calculating the curvature of light emitted by an objects on the far side
and bent around by gravity. These studies have resulted, on several occasions, in
evidence for dark matter. Though there have been many suggested explanations for
9
dark matter over the years, the most prominent one in the modern physics commu-
nity is the Weakly Interacting Massive Particle (WIMP).[27] These are hypothetical
rare heavy particles that interact only via the weak force (thus shielding them from
detection by conventional means) and by gravity (corresponding with astronomical
observations).
When Einstein originally formulated general relativity he inserted a cosmological
constant, Λ, in order to avoid a dynamic universe size (largely due to philosophical
objections). Following the discovery of Hubble expansion,[28] it was largely ignored
for much of themid-20th century and Einstein, himself, would later term it his ”great-
est mistake”. In 1998 and 1999 two teams studying supernovae were able to show that
the universe’s expansion continues to accelerate.[29, 30] At this point, discussions of
cosmology began reincorporating the cosmological constant, now as an indication
for and quantification of our universe’s acceleration (should it be constant). Dark
Energy, as this phenomenon has come to be called, is the least understood problem
in this section. Suggested explanations have varied widely from undiscovered fun-
damental forces to rapidly shifting dark energy densities.[31,32] It remains of crucial
interest to physicists as estimates of this dark energy suggest it comprises 69% of the
energy in the universe.[33]
Theoretical Inconsistencies
One of the most obvious inconsistencies in modern theory is the irreconcilability
of general relativity and quantum physics. In a way, general relativity is the last
vestige of classical physics, that is to say, physics before the adoption of quantum
principles. General Relativity creates a smooth geometric interpretation of space and
gravity, in seeming contradiction to the bubbling chaos observed on quantum scales.
It would make no sense to try and build a classical quantum theory as anything other
than a toy model. On the other hand, attempts to create theories of quantum gravity
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have proven extremely difficult. The graviton was proposed in the 1930s as a spin-2
boson conveying gravity, and one can create a unified theory for empty space without
much effort. Sadly, once one begins to bend space, irreconcilable infinities begin to
enter the calculations. There have been several attempts to confront these issues,
most notably by string theory,[34] which posits we live in a 10- or 11-dimensional
universe, with the unseen dimensions existing in compact spaces.
Another inconsistency is the hierarchy problem (sometimes known as the natu-
ralness problem). This is the desire to achieve a working theory that explains fun-
damental constant values without introducing an arbitrary fine-tuning. Fine-Tuning
is the suggestion that sets of constants’ values are, without good justification, sus-
piciously coincidental. It can also mean assuming a model will match experimental
data based on the exact and arbitrary placement of constants. There are whole classes
of questions about either conveniently placed or coincidentally canceling fundamen-
tal constants. One example would be to ask why the gauge couplings are placed
as they are. An explanation that has gathered a significant following in the physics
community is Supersymmetry (SUSY), which posits that all fermions have a bosonic
superpartner and all known bosons have a fermionic superpartner. SUSY allows the 3
MSM force gauge couplings to unify at high energies,[35–37] answering one of these
naturalness problems. There are innumerable variations of SUSY under investiga-
tion, given the numerous mechanisms to limit or organize the additional parameters,
with the search for the so-called ”Lightest Supersymmetric Particle,” a dark matter
candidate, making up a great deal of the current generation of BSM physics searches.
It is noteworthy that string theories typically incorporate SUSY, though for slightly
different reasons.
Another problem involving fine-tuning arises in Charge-Parity Symmetry (CP).
It involves two significant physical symmetries: charge conjugation (symmetry under
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reversal of electric charge) and parity (symmetry under inversion of one spatial direc-
tion). These symmetries are not absolute as the MSM contains mechanisms to allow
CP-violation. Notably the weak nuclear force violates parity alone and allows for
CP-violation in such phenomena as neutral kaon mixing. The problem enters when
one notices that the QCD contains a term that would allow forCP-violation, but that
experimentally none has been found as a result of the strong force alone. Meaning
that the QCD vacuum angle, which acts as a measure of QCDCP-violation strength,
needs to be extremely small, or just zero. As there is no good theory-based reason
to do this within the MSM, physicists turned to BSM theories, such as axions,[38] to
explain it. Another problem that develops out of CP-violation is matter-antimatter
asymmetry. If CP were perfectly preserved all matter and antimatter would have
cancelled out in the early universe. As we live in a matter-dominated universe, we
are left with the question of how did matter achieve dominance. Some manner of
CP-violation seems warranted, but as QCD sources remain ill understood, and weak
sources seem poorly equipped for the magnitude of the problem, we are left with an
unanswered mystery.
Another notable theoretic question is the coincident number of families in both
quarks and leptons. Furthermore, each sector of fermions (excluding neutrinos where
data remains limited) also exhibits a steeply increasingmass hierarchy. These similar-
ities have given rise to the belief that an unexplained symmetry may be giving rise to
the patterned behaviors of the fermions. Coincidentally, as the community discovers
how neutrinos break with expectations, they may also serve as the best guide to this
family symmetry. Explaining these coincidences also act as primary motivations for
our research.
There are many other problems under investigation by the physics community.
We have simply tried to sketch a few of the best known and most relevant here in
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hopes of demonstrating the continuing need for research and experimentation to fur-
ther our understanding of the universe beyond that offered by the MSM.
1.3 Group Theory
This Section is largely based on Ref. 39 and Ref. 40
1.3.1 Symmetry Groups
Axioms and Examples
Wewill begin our discussion of mathematical groups by describing their defining
qualities. A group is a collection of operators and a defined operation. Combining
those, a group containing elements: a1, a2, . . . , an, must follow four mathematical
rules:
• Closure The result of operating a group element on any other
will result in another element of the group :
a1 × a2 = a3
• Associativity The group operation is not dependent on order :
(a1 × a2)× a3 = a1 × (a2 × a3)
• A Unit Element The group contains an element that can operate on any
element, including itself, and return that other element :
e× a1 = a1 × e = a1, e× e = e
• An Inverse Element For each group element, a1 there exists a unique element,
(a1)
−1, which yields the unit element when the two are operated together :
a1 × (a1)−1 = e
As a demonstration, we can observe how these principles apply to the Cyclic Sym-
metry Group, of Order 2 (Z2). In addition to being fairly simple and relevant to our
later discussions, this group should be well-known to readers as the symmetry of
multiplying positive and negative one (+1, −1). We will begin by laying out the Z2
multiplication table. Closure is easy to demonstrate given the only two products on
13
Z2 a b
a a b
b b a
Table 1.2: Multiplication Table for Z2
the table are clearly elements of the group. As this is the symmetry demonstrated
by multiplying positive and negative one, we can take the associativity of arithmetic
multiplication to hold for Z2 as well. Following from that, it is fairly clear that a is
the unit element, while, in this case, a and b are each their own inverse element.
Lie Groups
While they are not the primary focus for much of our study, Lie groups are per-
haps the best-known symmetry groups to most physicists, and warrant remarking
on. We have already shown a finite symmetry with Z2, but Lie groups are different
in that they are continuous symmetries with an infinite number of elements. Some
of the easiest examples of continuous symmetries would be rotations about various
axes. SO(2) and SO(3), the special orthogonal groups, are the symmetry transfor-
mations for spherically symmetric 2- and 3-dimensional objects rotating about their
center.
Also of great significance in particle physics are special unitary groups, SU(N).
These groups (and their close relatives, the unitary groups,U(N)) form the (SU(3)C×
SU(2)L ×U(1)Y) basis of the MSM. This is, in part, due to their ability to represent
spinors in quantum mechanics. It is also important to point out that SU(2) is the
double cover of SO(3). Defining a double cover is difficult without getting overly
technical, but can be roughly illustrated by saying that the double cover of a group
will always have two elements representing a single element of the group it covers.
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Figure 1.1: A Reference Tetrahedron
1.3.2 A4 and T
′
More pertinent to our research are two related groups, the Tetrahedral Symmetry
Group (A4) and the Binary Tetrahedral Symmetry Group (T
′
). Like Z2 above, these
are both finite non-abelian (the group elements do not necessarily commute) point
groups. A4 is rank 12 and, as the name implies, consists of the elements analogous to
the symmetry transformations of a tetrahedron. These transformations fall into three
conjugacy classes:
• C1 the unit element
• C2 a clockwise shift of vertices by 120◦ around the center of any of the four faces
• C3 a counter-clockwise equivalent of C2
• C4 the three double transpositions of vertices
This behavior can be summarized in a group’s character table, where the columns
are the conjugacy classes (with a number listing its size), and the rows are the Ir-
reducible Representations (irreps). While there are typically several choices for any
group’s representation, an irrep is a representation that cannot be reduced any further
(for our purposes, one might think of it as the most efficient packaging of a group’s
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various potential behaviors). It is interesting to note that C1 and C4 have real charac-
ters because they act as their own inverse elements, and C1’s characters list theirrep
dimensions. The irreps of dimension 1 are called singlets, while the irrep of dimen-
sion 3 is a triplet. The factor of ω = exp (2πi/3) is the complex cube root of unity, and
has a notable function once one observes that three repetitions of any single element
of either C2 or C3 become a trivial transformation. Following the A4 character table
is a second table for the Kronecker products of irreps operating on each other, and
achieves a similar practical use as the Z2 multiplication table above.
A4 C1 4C2 4C3 3C4
11 1 1 1 1
12 1 ω ω
2 1
13 1 ω
2 ω 1
3 3 0 0 -1
Table 1.3: Character Table ofA4 with ω = exp(2iπ/3)
A4 11 12 13 3
11 11 12 13 3
12 12 13 11 3
13 13 11 12 3
3 3 3 3 11 + 12 + 13 + 3 + 3
Table 1.4: Kronecker Products for irreps ofA4
Most relevant to the models we discuss later is T
′
. This group is rank 24 and is
the double cover ofA4 (though it is interesting to noteA4 is not a subgroup ofT
′
,[41]
merely its central quotient). As mentioned above, it is difficult to give a nontechnical
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definition of a double cover, but here it can be taken as the difference between a per-
mutation and an oriented permutation. While a simple illustration of a permutation
might be rearranging a set of playing cards, an oriented permutation would also in-
clude the possibility that cards shift from face up to face down and back. It contains
7 classes, which, in terms of irreps, translate into the three singlets and single triplet
of A4, as well as an additional three doublets.
T
′
C1 4C2 4C3 C4 4C5 4C6 6C7
11 1 1 1 1 1 1 1
12 1 ω ω
2 1 ω ω2 1
13 1 ω
2 ω 1 ω2 ω 1
21 2 1 1 −2 −1 −1 0
22 2 ω ω
2 −2 −ω −ω2 0
23 2 ω
2 ω −2 −ω2 −ω 0
3 3 0 0 3 0 0 −1
Table 1.5: Character Table of T
′
with ω = exp(2iπ/3)
It is worth pointing out that one of the most significant qualities of T
′
is that the
singlet and triplet irreps and their multiplication remain unaltered from A4. This,
potentially, allows us to expand on ideas originally constructed forA4 without alter-
ation, while allowing us a greater flexibility in model building due to the doublets.
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T
′
11 12 13 21 22 23 3
11 11 12 13 21 22 23 3
12 12 13 11 22 23 21 3
13 13 11 12 23 21 22 3
21 21 22 23 11 + 3 12 + 3 13 + 3 21 + 22 + 23
22 22 23 21 12 + 3 13 + 3 11 + 3 21 + 22 + 23
23 23 21 22 13 + 3 11 + 3 12 + 3 21 + 22 + 23
3 3 3 3 21 + 22 + 23 21 + 22 + 23 21 + 22 + 23 11 + 12 + 13 + 3 + 3
Table 1.6: Kronecker Products for irreps of T
′
1.4 Recent Developments in Neutrino Theory
1.4.1 Neutrino Masses and Mixings
As previously hinted in Table 1.2.2 neutrinomasses are not quite the same as other
known fundamental particles. The alignment between flavor and mass eigenstates is
termed, mixing. For quark mixing, flavors and masses are very closely aligned, with
only some incidental mixing between flavors. As of 1998, and the discovery of neu-
trino mass, physicists realized that mixing would also occur in neutrinos. Remark-
ably, neutrino mixing is not nearly as simple, the matrix which translates between
neutrino flavor and mass eigenstates is labeled for its developers, the Pontecorvo-
Maki-Nakagawa-Sakata matrix (PMNS).[42,43] The matrix allows us to see that each
flavor of neutrino exists as a superposition of three mass eigenstates, without any
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state dominating any particle,


ν1
ν2
ν3

 = UPMNS


ντ
νµ
νe

 . (1.1)
In order to better understand and measure this matrix, we can parametrize the el-
ements of the PMNS matrix. This parametrization can be constructed of three (3×3)
matrices, each one aligned with a different neutrino mixing angle. The three angles
are named for the type of experiment best able to determine their values: θ12 is the so-
lar angle, θ13 is the reactor angle, and θ23 is the atmospheric angle. This parametriza-
tion is constructed as follows,
UPMNS =


0 0 1
−s23 c23 0
c23 s23 0




−s13eiδ 0 c13
0 1 0
c13 0 s13e
−iδ




0 −s12 c12
0 c12 s12
1 0 0

 , (1.2)
which yield the form,
UPMNS =


+s12s23 − c12c23s13eiδCP −s12c23 − c12s23s13eiδCP +c12c13
−c12s23 − s12c23s13eiδCP +c12c23 − s12s23s13eiδCP +s12c13
+c23c13 +s23c13 +s13e
−iδCP

 , (1.3)
where c and s stand for cos and sin, respectively; so c12 is equivalent to cos θ12. As
seen above, the PMNS matrix is comprised of the three angles (θ12, θ13, and θ23), as
well as a phase (δCP). While each of the angles has been measured, to one degree or
another, theCP-violating phase has merely been reported at preferred values, and at
present even the strictest experimental bounds encompass the entire feasible range
from 0-2π. For the purposes of this document, and for the sake of simplicity in our
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algebra, we will assume δCP = 0. We freely admit that this questionable assumption
may need to be revisited in the face of future evidence to the contrary; as, indeed,
current best-fit approximations place the value closer to δCP = π.
While non-zero neutrino mass has been clearly demonstrated, individual mass
measurements still elude us (though upper bounds to neutrino masses do exist).
Instead, experiments have been able to determine difference between the squares
of the neutrino mass eigenstates. Consequently, we can see that for m2 and m3,
∆m232 = 0.0023eV
2, and for m1 and m2, ∆m
2
21 = 7.5 × 10−5eV2. As we do not yet
know the sign for ∆m232, the ordering of the mass states remains unknown. This has
resulted in two Mass Hierarchies: The Normal Neutrino Mass Hierarchy (NH) ex-
hibits a natural ordering of m1 < m2 < m3, while the alternative Inverted Neutrino
Mass Hierarchy (IH) places the third mass eigenstate notably lower than the other
two, m3 < m1 < m2.[21]
1.4.2 Majorana Neutrinos
As our observations of neutrinos have grown more detailed, there have been
many unexpected discoveries. Perhaps, the most puzzling to the theory commu-
nity is neutrino helicity. In all other observed fermions there exist two variations:
a left-handed and right-handed variant. These are determined and named for the
handedness of the projection of the spin vector onto the momentum. Notably, for
massless spin-1
2
particles, helicity can, then, be interchanged with chirality. However,
neutrinos have only ever been observed with left-handedness, while anti-neutrinos
are only observed with right-handedness. If we were to assume that neutrinos shared
this symmetry with other Dirac fermions, then there should be four forms, not two:
right- and left-handed variants of both the neutrino and anti-neutrinos. All of this
begs the question “where are the right-handed neutrinos?”
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There have been several suggested solutions to this dilemma. One of the simplest,
but least satisfying, is that neutrinos are simply different. Many of our expectations
for the behavior of neutrinos come from observing other fermions. This bias is largely
due to our proficiency at measuring particles with charges or larger masses than neu-
trinos. Nonetheless, neutrinos have been confounding our expectations for decades
and this may simply be another difference from the rest of the MSM. In this case,
there simply would be no right-handed neutrino and, disappointingly, no significant
new physics to be discovered.
A second possibility is that of sterile neutrinos. This theory holds that right-
handed neutrinos exist, but have significantly different properties than their left-
handed counterparts. While left-handed neutrinos interact primarily via the weak
nuclear force and via gravitation, right-handed neutrinos would interact only via
gravitation and, potentially, through some mixing between left- and right-handed
types. This idea has some backers both among theorists and experimentalists. A
number of theories require either sterile right-handed neutrinos or a 4th generation
of sterile neutrinos. Experimental evidence, by comparison, falls into two camps di-
vided over the likely mass of these particles. There have been some indications at
terrestrial detectors of sterile neutrinos with mass in the eV range, most notable at
LSND,[44] and more recently at MiniBooNE.[45] The other experimental evidence
for sterile neutrinos is largely astrophysical,[46] and suggest a keV mass scale would
answer questions about primordial element abundances.
The third, and to ourmind, most convincing solution to themystery of themissing
right-handed neutrinos are the so-called Majorana neutrinos. Neutrinos aside, all
known fermions fall into the classification of Dirac particles, that is to say they obey
the Dirac Equation,[47]
(i6 δ −m)ψ = 0 , (1.4)
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and are not their own anti-particles (by comparison, a photon, a boson, is its own an-
tiparticle). Another equation and classification of particle is that of Majorana particles
from 1937’s Ref. 48:
− 6 δψ +mψ∗ = 0 , (1.5)
where fermions will act as their own anti-particles. While there are no confirmed
examples, many in the community believe neutrinos to be attractive candidates for
this designation. Under many of these proposed models, including ours, a set of
undiscovered, right-handed Majorana neutrinos also exist. Hints to these particles’
existence remain a high priority of neutrino detector searches.
Given the significant interest on the part of the community, an experimental de-
sign was proposed to test whether neutrinos are, indeed, Majorana particles titled,
Neutrinoless Double-Beta Decay.[49] In typical beta decay a single neutrino is emit-
ted; thus, in the most common variant of double-beta decay, one would observe two
emitted neutrinos. However, if neutrinos are Majorana particles, then they are their
own antiparticle and can coannihilate. This would lead to the rare but statistically
significant possibility of neutrinos from two proximate beta decays annihilating with
one another, giving the test its name. Neutrinos in this case, as in most cases, re-
main difficult to detect, necessitating expensive materials and long running times in
order to build up the statistically necessary evidence. This is further complicated by
the enduring vagaries of neutrino behavior including their mass hierarchy and mass
scale.
1.4.3 Tribimaximal Mixing
In the first five years following the determination that neutrinos had mass and
that their mixing, encapsulated in the PMNSmatrix, was nontrivial, there were many
attempts to introduce a flavor symmetry explaining quark and lepton mixing. Many
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of these introduced so-called texture zeros. These would be elements of the PMNS
matrix set to zero by the model. Introducing one, or more, of these zeros created a
structural stability that benefited many models by making it simpler to explain. Over
the years, there were even several works that attempted to categorize the likelihood
of any of each element being a texture zero and their potential to explain the behav-
iors of flavors and families.[50–52]
In 2002, a paper postulated a form for the PMNS matrix. This practice, while
not unusual following on earlier attempts such as the Bi-Maximal and Tri-Maximal
models,[53,54] proved fairly accurate andwas summarily dubbed Tribimaximal Mix-
ing (TBM).[55] In it,
θ13 = 0
◦, θ23 = 45
◦, and θ12 = sin
−1( 1√
3
) ≃ 35.3◦ , (1.6)
leading to a PMNS matrix of the form:
UTBM =


−
√
1
6
−
√
1
6
√
2
3√
1
3
√
1
3
√
1
3√
1
2
−
√
1
2
0

 . (1.7)
A noted benefit to this depiction is the rational root form that leads to an ease of in-
corporation into theoretical models, and in particular finite symmetry models (given
their Kronecker products). Indeed, many attempts to utilize various finite or flavor
symmetries since the initial TBM proposal have attempted to show that they are able
to incorporate this symmetry structure.
Although theories have successfully demonstrated that there are numerous po-
tential paths that all arrive at the TBM form, it should be noted that this form was
merely a guess at the actual values of PMNS elements. As the years have progressed,
we have indeed seen that the initial TBM form may not be correct and that either
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a new form should be adopted or additional mechanisms are needed to shift TBM
values in line with experimental data.
µ-τ Symmetry
Another notable feature of TBM is that it exhibits µ-τ symmetry.[56] This can be
easily demonstrated by examining the first and second columns of U2TBM and noting
that they are identical. Physically this implies that νµ and ντ have identical superpo-
sitions of the three neutrino mass eigenstates. Also of note, is that slight breaking of
the µ-τ symmetry can lead to a similar perturbation as that seen in Chapter 2.
1.5 The T
′
Model
This Section is largely based on the work of Ref. 57 and Ref. 58
1.5.1 A4 and the Lepton Sector
Model Characteristics
Having concluded our historical background, we shall proceed to lie out the mod-
els that form the basis of our work. In this chapter we show two derivations of the
Majorana mass matrix,Mν , and the conclusions found from relating the two.
We shall start by crafting an initialA4 model comprised of (A4×Z2),[59–69] where
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the various particles are assigned to irreps as,

 ντ
τ−


L
 νµ
µ−


L
 νe
e−


L


LL(3,+1) ,
τ−R (11,−1)
µ−R (12,−1)
e−R (13,−1) ,
and
N
(1)
R (11,+1)
N
(2)
R (12,+1)
N
(3)
R (13,+1) .
(1.8)
As Eq. (1.8) shows, this model, as with all A4 models, will only include the leptons
(including right-handed Majorana neutrinos). Refs. 64–66 have shown, A4 is not
capable of replicating quark mixing−a mixing typically encapsulated in the Cabbibo-
Kobayashi-Maskawa matrix (CKM).[70, 71] In parentheses next to every particle are
the specifications for how that particle rotates, first under A4, then under Z2. In
this setup, we have placed the left-handed leptons in a triplet, and the right-handed
leptons in various singlets.
From here we can proceed to the formation of a Lagrangian. This crucial step
must be carefully considered, for while we hope to discover newphysics in the course
of our investigation, we must tread lightly in order to avoid blatantly contradicting
historic experimental particle physics data. This, oddly, leads to a middle ground
where some things are new, but not too many. We will also include the constraint of
using only renormalizable couplings, and though theA4 model contains an anomaly,
this is subsequently cancelled by the T
′
model discussed later.
The Lagrangian for this model is then,
LY = 1
2
M1N
(1)
R N
(1)
R +M23N
(2)
R N
(3)
R
25
+{
Y1
(
LLN
(1)
R H3
)
+ Y2
(
LLN
(2)
R H3
)
+ Y3
(
LLN
(3)
R H3
)
+Yτ (LLτRH
′
3) + Yµ (LLµRH
′
3) + Ye (LLeRH
′
3)
}
+ h.c. . (1.9)
In this form it is clear that that many of the classic features of the MSM remain. We
have also added 2 triplet Higgs scalars (6 doublets under SU(2)L, 2 triplets under
A4) where needed ofH3(3,+1) andH
′
3(3,−1). These additions are needed in order to
ensure that each Lagrangian term rotates as a singlet under A4. By referencing this
Lagrangian, the assignments in Eq. (1.8), and the Kronecker product table in Sec. 1.3,
one can see this approach is consistently applied. The factors of 1
2
have been added
in order to mitigate the identical hermitian conjugates of Majorana mass terms.
Our model maintains that the masses of the charged leptons (e, µ, τ ) emerge from
the Vacuum Expectation Values (VEVs) of
< H
′
3 >= (
mτ
Yτ
,
mµ
Yµ
,
me
Ye
) = (Mτ ,Mµ,Me) . (1.10)
If, largely for the sake of simplicity, we then choose a flavor basis where the charged
leptons act as mass eigenstates, we can then separate, at leading order, charged lepton
and neutrino masses. We also note that the N
(i)
R masses break Lτ × Lµ × Le symme-
try, but will alter the charged lepton masses at the one-loop level only by a factor
∝ Y 2mi/MR.
One of the most notable features of this model are the Majorana neutrinos, whose
benefits were detailed in Sec. 1.4. Given this, we must now further specify the form
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of the neutrino mass matrices. First the Majorana mass matrix in typical form,
MR =


M1 0 0
0 0 M23
0 M23 0

 . (1.11)
Next is the Dirac mass matrix formed from the Lagrangian Yukawa couplings and a
generic set of VEVs from the other Higgs triplet,
< H3 >= (V1, V2, V3) , (1.12)
MDν =


Y1V1 Y2V3 Y3V2
Y1V3 Y2V2 Y3V1
Y1V2 Y2V1 Y3V3

 . (1.13)
The Majorana mass matrix,Mν , is then given by
Mν =M
D
ν M
−1
R (M
D
ν )
T . (1.14)
Defining x1 ≡ Y 21 /M1 and x23 ≡ Y2Y3/M23 yields the symmetric form of,
Mν =


x1V
2
1 + 2x23V2V3 x1V1V3 + x23(V
2
2 + V1V3) x1V1V2 + x23(V
2
3 + V1V2)
x1V
2
3 + 2x23V1V2 x1V2V3 + x23(V
2
1 + V2V3)
x1V
2
2 + 2x23V1V3

 .
(1.15)
Incorporating TBM and Majorana Neutrinos
We shall now attempt to approach the same matrix from a different direction and
determine what limits can be placed as a result of assuming the symmetries of TBM.
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As seen in Eq. (1.7), this proposed mixing structure takes the form,
UTBM =


−
√
1
6
−
√
1
6
√
2
3√
1
3
√
1
3
√
1
3√
1
2
−
√
1
2
0

 , (1.16)
and acts to delineate the relation between flavor and mass eigenstates,


ν1
ν2
ν3

 = UTBM


ντ
νµ
νe

 . (1.17)
Assuming no CP-violation, the Majorana matrix Mν is real and symmetric, and
has the general form of
Mν =


A B C
B D E
C E F

 , (1.18)
which, in general can be diagonalized by the PMNS matrix. In order to incorporate
symmetries present in TBM, specifically, one can use UTBM to diagonalize:
Mdiag =


m1 0 0
0 m2 0
0 0 m3

 = UTBMMνUTTBM . (1.19)
Substituting Eq. (1.16) into Eq. (1.19) and solving forMν leads to a further reduction
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of Eq. (1.18) to the three real parameters A,B,C:
Mν =


A B C
B A C
C C A+B − C

 , (1.20)
with eigenvalues,
m1 = (A+B − 2C) ,
m2 = (A+B + C) ,
m3 = (A− B) , (1.21)
whose individual assignments can be found by a substitution of Eq. (1.20) back into
Eq. (1.19) and multiplying out the right-hand side.
Now, by relating the two forms of Mν , Eq. (1.15) and Eq. (1.20), we find three
equations,
x1V
2
1 + 2x23V2V3 = x1V
2
3 + 2x23V1V2 , (1.22)
x1V1V2 + x23(V
2
3 + V1V2) = x1V2V3 + x23(V
2
1 + V2V3) , (1.23)
x1(V
2
1 +V1V3−V1V2)+x23(2V2V3+V 22 +V1V3−V 23 −V1V2) = x1V 22 +2x23V1V3 , (1.24)
corresponding to A, C, and A +B − C, respectively.
We find no solutions of Eqs. (1.22, 1.23, 1.24) with any of x1, x23, V1, V2, V3 van-
ishing. It is straightforward to note that Eq. (1.22) and Eq. (1.23) can only both be
satisfied if V1 = V3. Solving Eq. (1.24) further requires (2V1 + V2)(V1 − V2) = 0, since
it can be shown that x1 = x23 is not possible for any hierarchy consistent with experi-
ment. In thisA4 model, therefore, only two VEVs of H3 give TBM.
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The first is,1
< H3 >= (V, V, V ) , (1.25)
which is studied in Ref. 72. Now by equating Eq. (1.15) and Eq. (1.20) one can find
relations for A, B, and C, from there one can use Eq. (1.21) and the relative values of
Eq. (1.25) to find expressions for the neutrino mass eigenstates,
A = V 2(x1 + 2x23) ,
B = V 2(x1 + 2x23) ,
C = V 2(x1 + 2x23) ,
m1 = 0 ,
m2 = V
2(3x1 + 6x23) ,
m3 = 0.
(1.26)
Clearly this implies m2 ≫ m1 = m3 = 0, an inappropriate hierarchy being neither
NH or IH, thus Eq. (1.25) is an unacceptable VEV for < H3 > in our model.
The only other VEV forA4 is therefore,
2
< H3 >= (V,−2V, V ) . (1.27)
As before, the forms of A, B, and C as well as the masses can be found from the
combination of Eqs. (1.15, 1.20, 1.21) with the relative values of Eq. (1.27),
A = V 2(x1 − 4x23) ,
B = V 2(x1 + 5x23) ,
C = V 2(−2x1 − 1x23) ,
m1 = x1V
2(6 + 3y) ,
m2 = 0 ,
m3 = x1V
2(−9y) ,
(1.28)
where y = x23/x1. If we continue in our assumption that m2 ≃ m1 (an appealing
1This VEV, < H3 >∝ (1, 1, 1), can be transformed to < H3 >∝ (0, 0, 1) by an A4 transforma-
tion. The literature distinguishes these designations as the Ma-Rajaskaran and Altarelli-Feruglio bases
respectively.
2Because < H3 >∝ (1, 1, 1) could be made consistent with the neutrino masses in most previous
A4 models, due to additional parameters, the alternative of < H3 >∝ (−2, 1, 1) seems not to have
been previously studied.
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choice given the known sign of ∆m21 invalidatesm2 < m1), then y is constrained to a
value y = −2.
We are then left with a strong model preference for the NH,3 withm3 ≫ m2 ≃ m1,
making Eq. (1.27) our only feasible VEV for < H3 >.
1.5.2 The Minimal T
′
Model
History
In 1994, Ref. 73 investigated the simple non-abelian discrete groups up to order
31 (they stop before order 32 because of the large number of additional groups at
every power of 2) as potential family symmetries. They began by laying out a set
of model-building guidelines, and proposed model assignments for each symmetry
group. One such group, labeled at the time the Double Tetrahedral Group, was de-
tailed as a subset of SU(2). There, they detailed a particle assignment set for the six
MSM quarks and the leptons known at the time:

 t
b


L
1

 c
s


L
 u
d


L


2
tR 1
cR 1
uR 1
bR
sR
dR


3

 ντ
τ−


L
1

 νµ
µ−


L
 νe
e−


L


2
τ−R
µ−R
e−R


3 (1.29)
This particle assignment had the benefits of containing all of the, then known,
fundamental fermions. In addition, it labeled the top quark mass as a singlet of the
3Previously, otherA4 models have shown more flexible in choosing between IH and NH, they also
include more parameters, and, as a result, incur diminished predictivity.
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group symmetry, better explaining its extremely high mass of mt = 173.5 GeV.[21]
This model is not without problems in light of later discoveries and data, indeed
neutrinomasses and non-trivial mixing came as a surprise to much of the community.
It would be over a decade before this basic model was fully overhauled to comport
with our modern understanding.
T
′
as Flavor Symmetry
Following their articulation of a minimal A4 model, as detailed in earlier, the au-
thors of Ref. 57 sought to expand their treatment to include quark mixing by con-
verting to the symmetry now titled, the Binary Tetrahedral Group (T
′
).[74–77] As
detailed in 1.3 the connection between A4 and T
′
is quite special. Since they share
the singlet and triplet elements and multiplications, the prior A4 minimal model can
easily be converted to T
′
. Thus, the assignments of the leptons will remain the same
in the new model, as will the treatment of the TBM angles and Higgs VEVs. Now,
though, T
′
affords the advantage of doublet symmetry elements, which we can use
to accommodate the, mostly diagonal, CKMmatrix.
As before, it is best to keep the top quark in its own singlet as a way of motivating
a higher mass. So, the lighter two families will be placed in doublets: one doublet for
both left handed families labeledQL, one doublet for the two lighter down-type right-
handed quarks labeled SR, and one doublet for the two lighter up-type right-handed
quarks labeled CR. The left-handed third family will be in a singlet QL, while the
right-handed third family will be in two self-named singlets. These new assignments
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are summarized below,

 t
b


L
QL (11,+1)

 c
s


L
 u
d


L


QL (21,+1) ,
and
tR (11,+1)
bR (12,−1)
cR
uR

 CR (23,−1)
sR
dR

SR (22,+1) .
(1.30)
As before, the parenthetical numbers state the element assignment under the main
group algebra first (T
′
this time) followed by the auxiliary Z2.
Now, as we prepare to state a Lagrangian for both lepton and quark sectors, we
should note it remains the intent to craft a minimal model using finite symmetry.
When the Higgs were chosen for the leptons, they were limited by the particle as-
signments and the elements of A4. Now that we have progressed to T
′
, doublets are
available as well. However, in this Minimal RenormalizableT
′
Model (MRT
′
M) only
Higgs singlets and triplets (under T
′
, they all remain doublets under SU(2)L) will be
used. With these stipulations in place, we can write down the MRT
′
M Lagrangian:
LY = 1
2
M1N
(1)
R N
(1)
R +M23N
(2)
R N
(3)
R +
YeLLeRH
′
3 + YµLLµRH
′
3 + YτLLτRH
′
3+
Y1LLN
(1)
R H3 + Y2LLN
(2)
R H3 + Y3LLN
(3)
R H3+
Yt(QLtRH11) + Yb(QLbRH13)+
YC(QLCRH ′3) + YS(QLSRH3) + h.c. . (1.31)
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This equation, naturally, now includes several new terms. To complement and com-
plete these terms, two new Higgs scalars are required, H11(11,+1) and H13(13,−1),
with VEVs of:
< H11 >= mt/Yt , < H13 >= mb/Yb , (1.32)
to provide the masses of the third family. Taken together this allows for the estab-
lished quark mass hierarchy ofmt ≫ mb > mc,s,d,u.
Also notable is the fact that the quark and lepton sectors reuse the same twoHiggs
triplets. This can serve as the basis for a connection between the families and a uni-
fying foundation among all fermions.
1.5.3 Cabibbo Angle Prediction
A note on formalism: We will be parametrizing the CKM matrix in an identical way to
our previously described depiction of the PMNS matrix (Sec. 1.4) as is customary given the
parametrization we use originated with CKM, and distinguish the angles of the two by using
Θij for CKM, and θij for PMNS. Additionally, we will distinguish between the two CP-
violating phases with δCP for PMNS and δKM for CKM.
Due to our choice to avoid T
′
doublet Higgs terms in this MRT
′
M, an assessment
of the CKMmatrix will need to be reduced down to the (2×2) quark mixing matrices,
which assume Θ13 = Θ23 = 0. While this is demonstrably inaccurate, it remains
a decent approximation given that both angles are quite small, Θ13 = 0.201
◦ and
Θ23 = 2.38
◦.
The two remaining nontrivial (2 × 2) matrices for (c, u) and (s, d) will hereafter
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be denoted U
′
and D
′
, respectively, and calculated using the T
′
complex Clebsch-
Gordan coefficients illustrated in Ref. 78. If we divide U
′
by YC we find,
U ≡
(
1
YC
)
U
′
=


√
2
3
ωMτ
1√
3
Me
− 1√
3
ωMe
√
2
3
Mµ

 , where ω = e2iπ/3 . (1.33)
If we take the additional step of setting the electron mass,Me, to zero, U becomes
immediately diagonal and leavesmu,mc,mµ, andmτ free.
Next we shall take a look at the (2×2) CabibboMatrix. In its general parametrized
form it appears as
P ≡

 cosΘ12 − sin Θ12
sinΘ12 cosΘ12

 . (1.34)
We can use this form to diagonalize the hermetian square of D
′
, after dividing by YS ,
D ≡
(
1
V YS
)
D
′
=

 1√3 2
√
2
3
ω2√
2
3
− 1√
3
ω2

 , (1.35)
D ≡ DD† =
(
1
3
) 9 −
√
2
−√2 3

 . (1.36)
We now have developed the tools needed to solve

 m2d 0
0 m2s

 = P TDP . (1.37)
for the two remaining unknowns, Θ12 and (m
2
d/m
2
s).
The first result, that of the Cabibbo Angle, yields:
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tan 2Θ12 =
(√
2
3
)
, (1.38)
which converts to a decimal prediction of Θ12 = 12.6
◦ (by comparison its experimen-
tal value is Θ12 = 13.04
◦±0.05◦). While this is 9σ away from the measured value, this
is largely due disparity in precision between quark and neutrino data, and it remains
an adequate first-order prediction. As we shall see, later attempts to adjust the theory
achieve better agreement.
As for (m2d/m
2
s), the solution to Eq. 1.37 yields a predicted value of ≈ 0.288, com-
paredwith experimental findings of (m2d/m
2
s) ⋍ 0.003. While admittedly a poor initial
guess, one might suppose that this is due to the assumption of Θ23 = Θ13 = 0, and
that incorporation of mixing between (d, s) and bwould help matters.
This model proved to be an important step, both in demonstrating the viabil-
ity of T
′
as a suitable basis for neutrino mixing models, and its superiority over A4
given it has the ability to address the quark sector. Having achieved a semi-reliable
framework to connect the mixing angles of quarks and leptons, we can begin to ask
questions of the underlying hypotheses. The A4 model was constructed to handle
neutrinos, and was incapable of addressing quarks. The MRT
′
Mmodel made strong
assumptions about the neutrino mixing angles and used them to make moderately
close predictions of the well-measured quark angles. As Ch. 2 will show, it bears
some investigation to see if we can use quark mixing to learn about neutrinos.
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Chapter 2
T
′
Model Perturbations and Neutrino
Mixing
This Chapter is largely based on the work of Ref. 79
2.1 Revised Assumptions
So far, the T
′
model has shown itself capable of creating a successful mechanism
to link the mixing angles of quarks and neutrinos. Yet, thus far, we have assumed
the exact accuracy of the TBM angles, and their underlying symmetry, in order to
develop a prediction for quark mixing. This was largely due to the historical devel-
opment of the theory, fromA4 (which can only function for leptons), toT
′
(which can
accommodate both). But given the fact that T
′
can accommodate both and the mea-
sured value of the Cabibbo angle is both highly precise, and not easily reducible to a
rational form, it may make more sense to assume the measured value of the Cabibbo
angle and use our framework to develop a prediction for neutrino mixing. When
this model was initially developed the neutrino mixing angles had as much as 10◦
of uncertainty around the TBM values. Consequently, we will keep the mechanism
discussed in 1.5, but introduce perturbations.
We will begin by redefining the neutrino mixing angles as,
θij = (θij)TBM + ǫk , (2.1)
(where ǫ3 is used for θ12, etc.), and proceed to perturb around Eq. (1.38).
First, we recall a few salient points about the model in Sec. 1.5 based on A4 sym-
metry. The only important scalar for the present analysis is the triplet H3(3,+1)
whose vacuum expectation value in Sec. 1.5 was taken as
< H3 >= (V1, V2, V3) = V (1,−2, 1) , (2.2)
which linked to the TBM form seen in Eq. (1.7). We shall consider the perturbation
< H3 >= (V
′
1 , V
′
2 , V
′
3 ) = V
′
(1,−2 + b, 1 + a) , (2.3)
where |a|, |b| ≪ 1.
2.2 Perturbations
We shall first consider the calculation of a perturbation around the earlier work
in Sec. 1.5 by using Eq. (2.3) in place of Eq. (2.2). The down-type quark (2 × 2) mass
matrix for the first two families (s, d) is perturbed to
D ≡
(
1
V ′YS
)
D
′
=

 1√3 (2− b)
√
2
3
ω2√
2
3
(1 + a) − 1√
3
ω2

 , (2.4)
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where, again, ω = exp 2iπ/3. The hermitian square D ≡ DD† is, to first order in a and
b,
D ≡ DD† ≃
(
1
3
) 9− 8b
√
2(−1 + a+ b)
√
2(−1 + a+ b) 3 + 4a

 . (2.5)
The eigenvalues of Eq. (2.5) satisfy the quadratic equation
(9− 8b− λe)(3 + 4a− λe)− 2(1− a− b)2 = 0 , (2.6)
with solutions of
λe± = (6±
√
11) + 2a
(
1∓ 4√
11
)
− 2b
(
2± 7√
11
)
. (2.7)
An eigenvector (α, β) has components satisfying
(
β
α
)
=
(
3−√11√
2
)[
1− a√
11
+
b√
11
]
, (2.8)
whose normalization N(α, β) satisfies
N−2 = 1 + β2/α2, (2.9)
from which the Cabibbo angle sin Θ12 = Nβ/α is
sinΘ12 =
√(
1
2
− 3
2
√
11
)(
1− 3 +
√
11
22
(a− b)
)
. (2.10)
From this one finds at leading order
cos 2Θ12 ≃
(
3√
11
)(
1 +
2
33
(a− b)
)
, (2.11)
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and
sin 2Θ12 ≃
( √
2√
11
)(
1− 3
11
(a− b)
)
, (2.12)
where
tan 2Θ12 ≃ (
√
2)/3
(
1− 1
3
(a− b)
)
, (2.13)
which, of course, reduces back to TBM values (and the Sec. 1.5 Cabibbo prediction)
for a = b = 0.
Next, we will relate the ǫi neutrino angle perturbations of Eq. (2.1) to the vacuum
alignment perturbations a and b of Eq. (2.3).
As before we will start with the basic TBM form as seen in Eq. (1.7, 1.16),
UTBM =


−
√
1
6
−
√
1
6
√
2
3√
1
3
√
1
3
√
1
3√
1
2
−
√
1
2
0

 . (2.14)
using the neutrino mixing angle values given in Eq. (1.6).
By utilizing the small-angle approximations and the added-angle trigonometric
identities, one can fashion a practical form of Eq. (2.1), which at first order comes to,
• s12 ≃
√
1
3
(1 +
√
2ǫ3)
• c12 ≃
√
2
3
(1− ǫ3/
√
2)
• s23 ≃
√
1
2
(1 + ǫ1)
• c23 ≃
√
1
2
(1− ǫ1)
• s13 ≃ ǫ2
• c13 ≃ 1
Consequently, one may write
U ≃ UTBM + δU = UTBM + δU1ǫ1 + δU2ǫ2 + δU3ǫ3 , (2.15)
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where
δU1 =


−
√
1
6
+
√
1
6
0
+
√
1
3
−
√
1
3
0
−
√
1
2
−
√
1
2
0

 , (2.16)
δU2 =


−
√
1
3
+
√
1
3
0
−
√
1
6
+
√
1
6
0
0 0 1

 , (2.17)
δU3 =


−
√
1
3
−
√
1
3
−
√
1
3
−
√
1
6
−
√
1
6
+
√
2
3
0 0 0

 , (2.18)
combine to form
δU =
1√
6


−ǫ1 −
√
2(ǫ2 + ǫ3) ǫ1 +
√
2(ǫ2 − ǫ3) −
√
2ǫ3
√
2ǫ1 − (ǫ2 + ǫ3) −
√
2ǫ1 + (ǫ2 − ǫ3) 2ǫ3
−√3ǫ1 −
√
3ǫ1
√
6ǫ3

 . (2.19)
By inserting Eq. (2.14) into Eq. (1.19), we arrive at:
(Mν)TBM =
(
1
6
)


m1 + 2m2 + 3m3 m1 + 2m2 − 3m3 −2m1 + 2m2
m1 + 2m2 + 3m3 −2m1 + 2m2
4m1 + 2m2

 . (2.20)
Analysis of Eq. (1.19) leads to the full perturbation of,
δ(Mν)diag =


δm1 0 0
0 δm2 0
0 0 δm3


= δU(Mν)TBMU
T
TBM
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+ UTBMδMνU
T
TBM
+ UTBM(Mν)TBMδU
T , (2.21)
inwhich UTBM is known from Eq. (2.14) and δU from Eq. (2.19). Since the derivation of
(Mν)TBM contains further multiplications by the unitary matrix UTBM, we can further
simplify by eliminating factors of UTBMU
T
TBM = U
T
TBMUTBM = 1. This abbreviated
form is simply:


δm1 0 0
0 δm2 0
0 0 δm3

 = δU UTTBMMdiag + UTBMδMνUTTBM +MdiagUTBMδUT . (2.22)
To compute δMν in Eq. (2.22) we start from Eq. (1.15),
(Mν)TBM =


x1V
2
1 + 2x23V2V3 x1V1V3 + x23(V
2
2 + V1V3) x1V1V2 + x23(V
2
3 + V1V2)
x1V
2
3 + 2x23V1V2 x1V2V3 + x23(V
2
1 + V2V3)
x1V
2
2 + 2x23V1V3

 .
(2.23)
where < H3 >= (V1, V2, V3), x1 = Y
2
1 /M1 and x23 = Y2Y3/M23. These variables, in-
cluding Yukawa couplings and right-handed neutrino masses, all remain empirically
unknown. As all terms include either x1 or x23, Eq. (2.23) can be further simplified
by combining these factors into y = x23/x1, leaving us to obtain predictions by deter-
mining this unknown.
We shall now introduce our perturbation of the vacuum alignment, Eq. (2.3), to
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Eq. (2.23), again at first-order only in a and b, to find,
δMν = x1(V
′
)2


2(−2a+ b)y a + (a− 4b)y b+ (2a+ b)y
2(a+ by) (−2a + b)(1 + y)
−4b+ 2ay

 . (2.24)
By inserting this δMν into Eq. (2.22) we obtain six equations from the (3× 3) sym-
metric matrix. In the δm of (I) - (III) a common (but unpredicted) normalization factor
has been omitted.
• (I) δm1 = (2 + y)(a− 2b)
• (II) δm2 = 0
• (III) δm3 = −3y(a− 2b)
• (IV) ǫ2 =
√
2ǫ1
• (V) a = ǫ1m3−m11+2y
• (VI) (a+ b) =
(
1√
2
m2−m1
y−1
)
ǫ3
2.3 Direct Predictions
Result (IV) is significant and contains two interpretations. The first is as written,
implying that a θ13 > 0 results in θ23 > 45
◦. The second interpretation is to redefine the
angle θ13 with the transformation θ13 ⇒ −θ13 (note that until now, we had assumed
θ13 = 0, meaning this transformation has no phenomenological affect), which leads
to a θ23 in the first quadrant. Summarizing these possibilities is analogous to stating
that
θ13 = |
√
2|
(π
4
− θ23
)
, (2.25)
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which, interestingly, links any non-zero value for θ13 to the departure of the atmo-
spheric neutrino mixing angle θ23 from maximal mixing at θ23 = π/4. This is our
most definite prediction from T
′
, and is independent of phenomenological input.
To arrive at further T
′
predictions for the neutrino mixings, θ13 and θ23, we shall
require additional input.
The equation (I) through (III) must be combined with the zeroth-order values
m01 = 3(y + 2) ,
m02 = 0 ,
m03 = −9y ,
⇛
m1 = 3(y + 2) + (a− 2b)(2 + y) ,
m2 = 0 ,
m3 = −9y − 3y(a− 2b) .
(2.26)
It is notable that m2 = 0 remains even at first order. This arises from the zero
structures in the terms of Eq. (2.21). They are
δU(Mν)TBMU
T
TBM


0 0
0
0 0

 , (2.27)
UTBMδMνU
T
TBM

 0 0
0

 , (2.28)
UTBM(Mν)TBMδU
T


0
0 0 0
0

 . (2.29)
In order to satisfy the criterion thatm1 ≤ m2, there are two possibilities, neither of
which is particularly satisfying.
The first is setting a = −3 + 2b, though upon closer examination, this fails to meet
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the criteria that a, b≪ 1, and therefore we discard it.
Second is the phenomenological input, originating in Sec. 1.5, that set y = −2.
This, combined withm1 ∽ m2, gives (a+ b) = 0 and Eq. (2.13) becomes simply
tan 2Θ12 =
(√
2
3
) (
1− 2
3
a
)
with a = ǫ1
∆m31
3
, ∆m31 ≈
√
∆m232. (2.30)
Eq. (2.30) allows us to approximate the size of the perturbation from the experi-
mental value reported in Ref. 80, (Θ12)experiment = 13.03± 0.04◦, to identify the limits
0.306 < ǫ1 < 0.382 , (2.31)
and by using Eq. (2.25),
0.433 < ǫ2 < .540 . (2.32)
The values of Eqs. (2.31, 2.32) lead directly to predictions for the neutrino mixing
angles. Substitution of Eqs. (2.31, 2.32) into Eq. (2.1) gives
24.8◦ ≤ θ13 ≤ 30.9◦ , (2.33)
and
23.1◦ ≤ θ23 ≤ 27.4◦ , (2.34)
It is notable that this creates a theoretically motivated deviation from TBM values,
if far larger than experiments indicate. We are inclined to believe that when this
MRT
′
M is fully expanded to account for full 3-family quark mixing, these projections
will better accommodate experimental data.
On the topic of quark and lepton masses, too, we are disappointed with the lack
of progress. Although we understand why mt ≫ mb > mc,s,d,u for quarks and why
m3 ≫ m1 = m2 for neutrinos, when we look more closely at the details we find that
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masses are not quantitatively explained. It is not clear to us whether this will be cor-
rected in the (T
′×Z2) model by higher order corrections, or by adding T′ doublet
VEVs. In the present work, we take the view that our model has made reliable pre-
dictions about mixing angles even when details of the mass spectra are incomplete.
2.4 Correlated Projections
This Section is largely based on the work of Ref. 81
Recalling the values of the angles θ13 and θ23 listed in the 2010 Review of Particle
Physics,[82] as they help to illustrate the recent leap in experimental precision for
PMNS parameters,
36.8◦ . θ23 ≤ 45.0◦ , 0.0◦ ≤ θ13 . 11.4◦ , (2.35)
consistent with vanishing θ13 and maximal θ23.
Up to 2011, neutrino mixing angles were all empirically consistent with TBM
values. However, as the experimental precision has now improved due to recent
data from T2K,[83–88] MINOS,[89–95] Double Chooz,[96–100] Daya Bay,[101, 102]
and RENO,[103, 104] this situation has changed dramatically. This is clearly seen in
the global fits of Refs. 105–107; of these we shall primarily use Fogli et al.,[105] but
will also include a limited analysis of Tortola et al.,[106] given its preference for a
θ23 > 45
◦. These five remarkable experiments have provided us with a rich new per-
spective on the mixing angles. From flavor symmetry, it is then possible to predict
quantitatively how departures from the TBM values are related.
In this section, we intend to thoroughly investigate the ramifications of the most
powerful prediction made by the T
′
model, that deviations from the TBM matrix in
Eq. (2.14) in θ13 and θ23 are correlated and independent of the solar neutrino mixing
46
angle θ12. To do this we shall consider only the projection on the two-dimensional
θ23-θ13 plane of the three-dimensional θ12-θ23-θ13 space. As a reminder, these pertur-
bations stem from the small angle approximation, requiring sinα ∼ α for θ13 and
(π
4
− θ23).1
The data from KamLAND, LBL accelerators (like T2K and MINOS), solar ex-
periments, SBL accelerators (such as Double Chooz, Daya Bay, and RENO), and
Super-Kamiokande, as combined in Ref. 105 currently indicate (accounting for CP-
violation)
sin2 θ13 = 0.0241
+0.0049
−0.0048 with 95% C.L. , (2.36)
for a NH, as favored by T
′
.
As noted in Sec. 2.3 our perturbed model leads to the linear relationship,2,3
θ13 = |η|
(π
4
− θ23
)
, (2.37)
with a sharp prediction, from Eq. (2.25), of η =
√
2. Thus resulting in
θ13 = |
√
2|
(π
4
− θ23
)
. (2.38)
Several years ago Super-Kamiokande showed θ23 > 36.8
◦,[111] and current single
measurements place it at θ23 ≃ 40.7◦.[112] Once combined in a global fit of 3ν oscilla-
tion, Ref. 105 states the best fit of θ23 = 38.4
◦, tantalizingly close to our central value
of θ23 = 38.7
◦ (or, alternatively, in Ref. 106 a best fit of θ23 = 51.5◦, compared with our
1This is a< 1% approximation for θ13 and (
pi
4
−θ23) since both angles are less than α = 12◦ = 0.2094
radians with sinα = 0.2079.
2
A4 is also capable of producing Eq. (2.37) with η =
√
2, though we give preference in this analysis
to T
′
for its capacity to explain CKM mixing.
3It is notable that Eq. (2.37) with η ≃ √2 appears en passant in Ref. 108; see also Ref. 109 which
implies that η ∼ 2. Another, model-independent correlation was developed in Ref. 110, including the
three PMNS mixing angles and the CP-violating phase.
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Figure 2.1: The global analysis of Ref. 105, incorporating SBL, LBL, solar, and at-
mospheric neutrino observations, excludes the red-shaded region at 2σ. The same
assessment excludes the orange-shaded region at 1σ. The best fit value for (θ13, θ23)
is indicated by the star at (8.9◦, 38.4◦). Extreme values of the linear correlation coef-
ficient, η, are indicated by dashed lines at η = 1.0 and η = 3.0, while our predicted
correlation of η =
√
2 is indicated by the solid dark blue line. The combination of our
correlation and the experimental value of θ13 result in a prediction of θ23 = 38.7, a
close match to its shown best fit value.
value of θ23 = 51.4
◦).
As shown in Fig. 2.1, the recent experimental data,[105] combined with theory,
suggest that (θ13, θ23) are respectively closer to (8.9
◦, 38.7◦) than to (0.0◦, 45.0◦). Before
the surge of new data η was unconstrained, 0 ≤ η ≤ ∞; with the current global fit
data, we find 1.0 ≤ η ≤ 3.0.
Fig. 2.2, using a different global analysis created from an alternate weighting of
much of the same data,[106] suggests that θ23 does not lie in the first octant (i.e. that
θ23 > 45
◦). Because our derivation of Eq. (2.37) is not sign dependent, we can alter
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Figure 2.2: This figure shows a second global analysis by Ref. 106, including many of
the same sources. The red-shaded region remains excluded at 2σ, with 1σ exclusion
for orange. The difference in this figure is the possibility that θ23 > 45
◦. Since many
experiments are only sensitive to the sin2 2θ23, thus leaving the two octants degener-
ate, there have been some indications that the assumption θ23 < 45
◦ is untrue. As it
happens, our prediction does not distinguish between the octants and gives a best fit
at θ13 = 9.0
◦ and θ23 = 51.4◦, extremely close to the experimental best fit at θ23 = 51.1◦.
In this case, it makes more sense to frame η as 1/η to avoid running through∞. Thus,
the allowed range for this global fit exist from 1/η = 1.28 to 1/η = −0.95.
our projection of θ23 accordingly. Based on this global fit and Eq. (2.38), (θ13, θ23)
are approximately (9.0◦, 51.3◦). Since this analysis still allows θ23 = 45◦, albeit at 1σ
exclusion, which remains analogous to an η of∞, it makes more sense, for our second
analysis, to state limits on 1/η. As such, 1/η is here constrained to−0.95 ≤ 1/η ≤ 1.28.
This is in sharp contrast to the previously widespread acceptance of a maximal
θ23 = π/4, which fitted so well with vanishing θ13 = 0 as in TBM.
As the measurement of θ13 sharpens experimentally, so will our prediction for θ23
from Eq. (2.38), and an accurate measurement of the atmospheric neutrino mixing’s
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departure from a maximum value will provide an interesting test of Binary Tetrahe-
dral Flavor Symmetry.
While several paper have suggested links between these angles, ours is singular
in tying the cause of this exact correlation to the Cabibbo angle’s deviation from the
rational form of Eq. (1.38). This suggests to us that theT
′
flavor symmetry, introduced
in Ref. 73, should be taken quite seriously. As errors in θ13 and θ23 diminish even
further, it will be interesting to see how the T
′
prediction of Eq. (2.38) perseveres, as
it would inspire further investigation into othermixing angles for quarks and leptons.
This, in turn, may show thatT
′
, first mentioned in physics as an example of an SU(2)
subgroup,[113] is actually a useful approximate symmetry in the physical application
of quark and lepton flavors.
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Chapter 3
An Expanded T
′
Model and Quark
Mixing
This Chapter is largely based on the work of Ref. 114
3.1 Model Extension
In the present chapter, we will examine the addition of T
′
Higgs doublet scalars.
As anticipated in Sec. 1.5, this allows more possibilities of T
′
symmetry breaking and
permits non-zero values for Θ23, Θ13 and δKM . We present an explicit (T
′×Z2) model
and investigate the CKM angles.
Note that we continue to focus on a renormalizable model with few, if any, free
parameters, and prioritize the mixing matrixes rather than the masses, as the former
are more likely to have a geometrical interpretation without adding a surfeit of extra
parameters, sadly leaving the masses unpredicted. With that said, the placement
of the top quark in a singlet does allow it a much heavier mass in accordance with
experiments.
Thus, we shall proceed to develop the Next-to-Minimal RenormalizableT
′
Model
(NMRT
′
M). To do this we will introduce one T
′
This addition, then, allows non-vanishing Θ23 and Θ13 to be induced by symmetry
breaking.
The possible choices under (T
′×Z2) for the new scalar field are:
A H21(21,+1) , (3.1)
B H
′
23(23,−1) , (3.2)
C H
′
22
(22,−1) , (3.3)
D H23(23,+1) , (3.4)
allowing the following Yukawa couplings, respectively,
A YQtQLtRH21 + h.c. , (3.5)
B YQbQLbRH
′
23
+ h.c. , (3.6)
C YQCQLCRH ′22 + h.c. , (3.7)
D YQSQLSRH23 + h.c. . (3.8)
This leaves us to choose between multiple candidates for the NMRT
′
M. Largely
to ensure computational simplicity, we opt for the single additional term,D, inspired
by the Chen-Mahanthappa mechanism for CP-violation.[115] We shall choose to
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keep YQS real, allowing CP-violation to arise from the imaginary part of T
′
Clebsch-
Gordan coefficients.
The VEV for H23 is taken with the alignment
< H23 >= V23(1, 1) . (3.9)
3.2 NMRT
′
M (D) Predictions
From the Yukawa term, D, and the vacuum alignment, we can derive the down-
quark mass matrix:
D =


Mb
1√
2
YQSV23
1√
2
YQSV23
0 1√
3
YSV 2
√
2
3
ω2YSV
0
√
2
3
YSV − 1√3ω2YSV

 , (3.10)
where ω = e2iπ/3, andMb = YbV13 .
The hermitian squared mass matrix D ≡ DD† for the down-type quarks is then
D =


M
′2
b
1√
6
YSYQSV V23(1− 2
√
2ω) 1√
6
YSYQSV V23(ω +
√
2)
1√
6
YSYQSV V23(1− 2
√
2ω2) 3(YSV )2 −
√
2
3
(YSV )2
1√
6
YSYQSV V23(ω
2 +
√
2) −
√
2
3
(YSV )2 (YSV )2

 ,
(3.11)
whereM
′2
b =M
2
b + (YQSV23)
2.
Note that in this model the mass matrix for the up-type quarks is diagonal,1 so
the CKM mixing matrix arises purely from diagonalization of D in Eq. (3.11). The
presence of the complex T
′
Clebsch-Gordan in Eq. (3.11) acting as the source of the
CP-violating phase, δKM (Chen-Mahanthappa mechanism).
1This uses the approximation that the electron mass isme = 0; c.f. Ref. 58.
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In Eq. (3.11) the (2 × 2) sub-matrix for the first two families coincides with the
result discussed in Sec. 1.5, thereby preserving the successful Cabibbo Angle formula
tan 2Θ12 = (
√
3)/2.
For m2b the experimental value is 17.5 GeV
2,[21] although the CKM angles and
phase do not depend on this overall normalization.
Actually our results depend only on assuming that the ratio (YQSV23/YSV )≪ 1 is
much smaller than one.
Defining
D′ = 3D/(YSV )2 , (3.12)
we find
D′ =


D′11 Ae−iψ1 Aξe−iψ2
Aeiψ1 9 −√2
Aξeiψ2 −√2 3

 , (3.13)
in which we defined the following:
D′11 = 3M
′2
b /(YSV )
2 , (3.14)
A =
(√
3
2
)(
YQSV23
YSV
)
|1− 2
√
2ω| , (3.15)
ξ =
∣∣∣∣∣ ω +
√
2
1− 2√2ω
∣∣∣∣∣ = 0.36615... , (3.16)
tanψ1 =
−√6
1 +
√
2
= −1.01461... , (3.17)
tanψ2 =
√
3
2
√
2− 1 = 0.94729... , (3.18)
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ψ1 and ψ2 have been included to consolidate the imaginary portion of D′ elements
removed by the absolute values in A and ξ.
To arrive at predictions for the other CKMmixing elements other than the Cabibbo
angle (i.e. Θ13,Θ23, δKM) one only needs to diagonalize the matrix D′ in Eq. (3.13) by
D′diag = V †CKMD
′
VCKM . (3.19)
We now write the mixing matrix as
VCKM =


1 Vts Vtd
Vcb cosΘ12 sin Θ12
Vub − sinΘ12 cosΘ12

 , (3.20)
which, with Eq. (3.13), can be substituted into Eq. (3.19), becoming

 Vcb
Vub

 = 1Dˆ′11

 D
′
11 − 3 −
√
2
−√2 D′11 − 9



 Ae−iψ1
Aξe−iψ2

 , (3.21)
where Dˆ′11 = (D′11 − 6−
√
11)(D′11 − 6 +
√
11), while from unitarity it follows that

 Vts
Vtd

 = −

 cosΘ12 − sinΘ12
sin Θ12 cosΘ12



 V ∗cb
V ∗ub

 . (3.22)
Our strategy is to now calculate the CP-violating Kobayashi-Maskawa phase,
δKM = γ = arg
(
−VudV
∗
ub
VcdV
∗
cb
)
, (3.23)
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Figure 3.1: The vertical axis is the value of δKM ≡ γT ′ in degrees and the horizontal
axis is the value of D′11 defined in the text. The dashed horizontal lines give the 1σ
range for δKM allowed by the global fit of Ref. 80. The orange area is excluded by 2σ
confidence, while the red region is excluded by 3σ confidence.
and, by using Eqs. (3.20, 3.21), we arrive at the formula in terms of D11
δKM = γT ′ = arg
[
−√2 + (D′11 − 9)ξe−i(ψ1−ψ2)
(D′11 − 3)−
√
2ξe−i(ψ1−ψ2)
]
= arg[Γ(D′11)] . (3.24)
From the preceding equations (3.20, 3.21) we find a formula for
|Vub/Vcb| = | tanΘ13 cscΘ23| , (3.25)
using unitarity, Eq. (3.22), and the form for the ratios of CKMmatrix elements
|Vtd/Vts| =
∣∣∣∣sin Θ12 + Γ(D
′
11) cosΘ12
cosΘ12 − Γ(D′11) sinΘ12
∣∣∣∣ . (3.26)
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3.3 Comparison with CKMData
In Fig. 3.1, we show a plot of γT ′ versus D
′
11 using Eq. (3.24) and taking the range
of experimentally allowed γ ≡ δKM from the global fit of Ref. 80 prompts us to use a
value D′11 ∽ 20± 4 in the subsequent analysis.
Figure 3.2: The vertical axis is the value of |Vtd/Vts| and the horizontal axis is the value
of D′11 defined in the text. The dashed horizontal lines give the value with small error
allowed by the global fit of Ref. 80. The orange area is excluded by 2σ confidence,
while the red region is excluded by 3σ confidence.
Fig. 3.2 shows a plot of |Vtd/Vts| as a function of D′11. It requires a value of D′11 of
approximately 16 which is sufficiently close to that in Fig. 3.1.
For the value of |Vub/Vcb| there is approximately a factor of 2 between the predic-
tion (higher) and the best value from Ref. 80 as seen in Fig. 3.3.
Note that once the off-diagonal, third family elements in Eq. (3.11) are taken as
much smaller than the elements involved in the Cabibbo angle, and that the two
CKM angles and the CP phase are predicted by the present NMRT
′
M.
With regard to alternatives to NMRT
′
M(D), named earlier in Eqs. (3.1, 3.2, 3.3),
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Figure 3.3: The vertical axis is the value of |Vub/Vcb| and the horizontal axis is the
value ofD′11 defined in the text. The dashed horizontal lines give the preferred exper-
imental values allowed by the global fit of Ref. 80. The orange area is excluded by 2σ
confidence, while the red region is excluded by 3σ confidence.
the possibilities A and C modify the up-type mass matrix where we take flavor and
mass eigenstates coincident. The final possibility B does modify the down-type mass
matrix (likeD does), but fails to permit theCP-violation we prefer (seen in the Chen-
Mahanthappa mechanism), as in the presentDmodel and in Ref. 116.
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Chapter 4
Quartification
This Chapter is largely based on the work of Ref. 117
4.1 A T
′
Quiver Model
Now that we havemanaged to construct a functional NMRT
′
M, it may be of inter-
est to examine the wider context of fundamental physics. While we have previously
noted the group symmetries utilized by the MSM, we have not sought to incorpo-
rate the (SU(3)C × SU(2)L ×U(1)Y) groups into our model. In this chapter, we shall
attempt to provide a suitable MSM-like framework that is both compatible with the
assignments of our T
′
model and allows the particles to rotate under the appropriate
groups.
For the purposes of this investigation we shall craft a model with SU(3)N . These
types of group combination are sometimes termed quiver groups, due to the fact that
the graphs used to diagram the various bifundamental representations resemble a
series of arrows.
We will begin by considering a quartification model using SU(3)4,[118] with bi-
fundamental chiral fermions in the usual arrangement of bifundamentals, but find
we are unable to make the necessary charge assignments to recover the requisite T
′
family symmetry. This will lead us to add a sub-quiver of fermions to accommodate
T
′
quartification. We will give each irrep under T
′
a new set of assignments under
the quartification groups comprised of singlets (1), triplets (3), and conjugate triplets
(3).
The quartification gauge group is
SU(3)C × SU(3)L × SU(3)ℓ × SU(3)R , (4.1)
which is assumed to break to the standard model at the TeV scale, and includes the
common groups aligned with color, left-handed particles, leptons, and right-handed
particles, respectively. We choose the family symmetry to be: (T
′×Z2) with the mini-
mal anomaly-free bifundamental chiral fermions:
3[(3, 3¯, 1, 1) + (3¯, 1, 1, 3) + (1, 3, 3¯, 1) + (1, 1, 3, 3¯)] , (4.2)
where we assign the leptons to irreps as follows:
(133¯1)3 ⊃

 ντ
τ−


L
(133¯1)2 ⊃

 νµ
µ−


L
(133¯1)1 ⊃

 νe
e−


L


LL(3,+1) ,
(1133¯)3 ⊃ τ−R (11,−1)
(1133¯)2 ⊃ µ−R (12,−1)
(1133¯)1 ⊃ e−R (13,−1) ,
and
N
(1)
R (11,+1)
N
(2)
R (12,+1)
N
(3)
R (13,+1) .
(4.3)
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For the left-handed quarks, we make the assignment,
(33¯11)3 ⊃

 t
b


L
QL (11,+1)
(33¯11)2 ⊃

 c
s


L
(33¯11)1 ⊃

 u
d


L


QL (21,+1) .
(4.4)
Finally we need assignments for the six right-handed quarks. They were previ-
ously assigned in Eq. (1.30) as,
tR (11,+1)
bR (12,−1)
cR
uR

 CR (23,−1)
sR
dR

SR (22,+1) .
(4.5)
However, this assignment in not available here since tR and bR are both in the same
irrep, (3¯113)3, and likewise for the first and second families. With no alteration of the
model, we can only assign three of the six right-handed quarks. In our attempts to
correct this problem, we attempted a number of possible alterations, but even adding
a fifth SU(3) (this would have been Quintification) failed to alleviate the problem of
insufficient irreps to close under known couplings.
We therefore need to add an anomaly-free sub-quiver representation,
3[(3¯, 1, 3, 1)
′
+ (1, 1, 3¯, 3)
′
+ (3, 1, 1, 3¯)
′
] , (4.6)
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and proceed to reassign all fermions with Z2= −1, including the corresponding sub-
set in Eq. (4.3), and Eq. (4.5), to this sub-quiver:
bR ⊂ (3¯, 1, 3, 1)′3
CR ⊂ (3¯, 1, 3, 1)′1,2
τ−R ⊂ (1, 1, 3¯, 3)
′
3
µ−R ⊂ (1, 1, 3¯, 3)
′
2
e−R ⊂ (1, 1, 3¯, 3)
′
1 .
(4.7)
4.2 Yukawa Couplings
We shall now introduce a notation for abbreviating the extended group desig-
nations of the T
′
Quiver model. For each irrep this notation utilizes a superscript
to denote which SU(3) was assigned a 3 and a subscript for each SU(3) assigned
a 3¯. The benefit being that when combined into Yukawa terms, one can check that,
for each term, every group in superscript should also be included in subscript on
another (this notation will not apply to the Yukawa couplings, solely the objects ro-
tating under our groups). We also list the assignments underT
′
in parenthesis with a
superscript + or − to distinguish between Z2= +1 and Z2= −1, respectively. In our
first demonstration, the lepton Yukawas are
Σi=3i=1Y
(i)
D L
L
ℓ (3
+)N
ℓ(i)
R (1
+
i )H
R
L (3
+) , (4.8)
for the neutrino terms and,
Σi=3i=1Y
(i)
ℓ L
L
ℓ (3
+)ℓ
ℓ(i)
R (1
+
i )H
R
L (3
−) , (4.9)
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for the charged terms. Where one can clearly see that in each term there is an L, R,
and ℓ in both super- and subscript. Adopting the previous work from Ch. 3, the quark
Yukawa couplings are
YtQCL(1+1 )tRC(1+1 )HLR(1+1 ) +
YbQCL(1+1 )bℓC(1−2 )HLℓ (1−3 ) +
YQSQCL(1+1 )SRC (2+)HLR(2+3 ) +
YCQ
C
L (2
+
1 )CℓC(2−3 )HLℓ (3−) +
YSQ
C
L(2
+
1 )SRC (2+2 )HLR(3+) . (4.10)
The Higgs scalar sector is sufficient to break to the MSM and replicate the previ-
ously determined mixing matrices (Chs. 2, 3). Note that, for example, the Cabibbo
angle in Sec. 1.5 follows because, after the breaking of (SU(3)ℓ×SU(3)R), theH(3−)s
have a common representation, and can thus act as the appropriate messengers be-
tween the charged leptons and the first two families of quarks. The HiggsT
′
doublet,
2+3 (Eq. 3.8), allows reproduction of the successful CKM matrix derived in Ch. 3.
The Higgs VEVs follow a form highly similar to that in Sec. 1.5:
< HRL (3
−) >= (
mτ
Yτ
,
mµ
Yµ
,
me
Ye
) ,
< HRL (3
+) >= V (−2, 1, 1) ,
< HLR(2
+
3 ) >= V23(1, 1) , (4.11)
< HLR(1
+
1 ) >=
mt
Yt
,
< HℓL(1
−
3 ) >=
mb
Yb
.
We have now shown that it is possible to craft a model that successfully combines
the predictiveness of the finite group T
′
, with the familiar physics of the MSM. While
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this framework contains no additional physics, or new predictions, it demonstrates
that a combination of T
′
and Lie groups is feasible. While at this point it is too early
to claim that this is a sufficient replacement for the MSM, it is sufficient to note that
this framework demonstrates a unified symmetry and can act as a proof-of-concept
for further attempts at unification.
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Chapter 5
T
′
Model Dark Matter
This Chapter is largely based on the work of Ref. 119
5.1 Dark Matter Background
As mentioned in Sec. 1.2, dark matter remains one of the leading mysteries in
modern physics. And, while the community has yet to reach a consensus on an ex-
planation, there have been no shortages of suggested ideas. Fortunately, there have
been a number of clues that have allowed us to better understand dark matter and,
consequently, rule some possibilities out. Of course the true answer, need not be any
single theory mentioned here, or elsewhere, and could be a combination of several,
but most theories, and our calculations for this chapter, will assume (if only for sim-
plicity) that our suggested candidate is the sole contributor.
The Weakly Interacting Massive Particle (WIMP) remains the best-known sug-
gestion to this problem for several reasons. First is the so-called WIMP-miracle,
which notes that a particle with the appropriate relic abundance to explain dark mat-
ter would need a cross-section no larger than one typically seen on the weak scale.
Additionally, this theory would indicate there are heavy, undiscovered particles (a
common element in many BSM models, including ours) who have had a significant
impact on cosmological development. Many of these WIMP candidates arise out of
R-parity conserving SUSYmodels, and typically come about as the lightest remaining
SUSY particle. A WIMP is, as the name suggests, a rarely forming but massive stable
particle, capable of interacting with knowmatter only by weak interactions and grav-
ity. This would be an example of cold dark matter (non-relativistic), and would likely
have gained its current stability via the mechanism called thermal freeze-out. As the
universe cooled, higher energy particles or interactions would become less preferred
until all that remained was a supply of dark matter. As the universe expanded the re-
maining annihilations would grow fewer as the particles diminished in number and
were spread out.
Other ideas for dark matter include axions, a suggestion of Ref. 38 intended to
solve the ”Strong CP Problem”, and Massive Compact Halo Objects (sometimes ab-
breviated MACHOs). Searches for these objects continue, and there are numerous
groups continuing to investigate these ideas and even more exotic theories.
Two additional topics of interest are some theories that have fallen out of favor.
The first of these, Modified Newtonian Dynamics (MOND),[120] attempted to alter
Newton’s law of gravity to better accommodate the astronomical observations (an
appealing idea since, to this point, there has been no short-range proof of dark mat-
ter) rather than resorting to the ”missingmass” hypothesis that underlies this chapter.
However, following the observation of the bullet cluster in Ref. 26 and some failures
to explain galactic rotation curves, MOND has largely fallen out of favor. Another
idea to explain observations has been hot dark matter (relativistic), primarily from
neutrinos. While, at one time, there was considerable interest that neutrinos, always
difficult to detect, were a significant cause of dark matter, this assumption led to sig-
nificant changes to large-scale astronomical structure formation. As a consequence,
they are now believed to play a relatively minor part of the universe’s mass.
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5.2 The ValenciaMechanism and an AugmentedModel
An ingenious new mechanism involving A4 model building has been discovered
by a research group based in Valencia, Spain.[121,122] Their research usesA4, whose
double cover is central to our present work, to add a small number of extra scalar
fields, one of which, by virtue of a discrete Z2 analogous to R-symmetry in SUSY,
gives rise to stable dark matter.
Their original model assigned all standard model leptons to different singlets of
A4, with the right-handed neutrinos and one of the newly added Higgs as the only
triplets (their model’s other Higgs was a singlet). These assignments were unconven-
tional, as most A4 models, like the T
′
model discussed in Sec. 1.5, utilize triplets in
the lepton assignments.
In Refs. 121,122 a particular generator ofA4 was used to give rise to aZ2 subgroup
of A4 and stabilized the WIMP. This Z2 established a particle sector that is discrete
from the MSM particles and inaccessible to it, except via the weak nuclear force and
potentially gravity.
Since A4 alone has proved incapable of accommodating quarks in a like manner
to leptons,[64–66] the Valencia group relegated the quark sector to ”future work”.
An alternative approach, that we pursue, is to replace theirA4 group with T
′
, allow-
ing the incorporation of quarks, a prediction of the Cabibbo angle, and controllable
deviations from the TBM angles.
5.2.1 Alterations to the MRT
′
M
To accommodate the quark sector, we adopt the (T
′×Z2) model formulated in
Sec. 1.5 and further analyzed in Ch. 2. This section will establish an extended model
including elements of the Valencia Mechanism by incorporating a second Z2, which
we will label Z2
′
for clarity, while also adding scalar fields and heavy right-handed
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neutrinos that are odd under this new group; the lightest resultant odd scalar will
be our dark matter WIMP. This model contains a global symmetry of (T
′×Z2×Z2′)
restricting the Yukawa couplings. One key difference from Ref. 121, 122 is that our
Z2
′
will not be subgroup of our added T
′
and is instead an exterior addition.
The quark assignments below are unchanged from Eq. (1.30), and denote QL =(
t
b
)
L
, QL =
(
c
s
)
L
&
(
u
d
)
L
, CR = cR & uR, and SR = sR & dR. By setting all quarks to
be even under Z2
′
, past T
′
predictions are preserved.
Quarks QL QL tR bR CR SR
T
′
11 21 11 12 23 22
Z2 + + + − − +
Z
′
2
+ + + + + +
Table 5.1: Quark Group Assignments
The leptons of Eq. (1.8) are retained unchanged, even under Z2
′
, again keeping all
the previous successes in Ch. 2. Inspired by Ref. 121, 122, we have incorporated an
additional triplet of right-handed neutrinos, NT . This triplet is odd under Z2
′
and is
below summarized with the other lepton assignments.
Leptons LL τR µR eR N
(1)
R N
(2)
R N
(3)
R NT
T
′
3 11 12 13 11 12 13 3
Z2 + − − − + + + +
Z
′
2
+ + + + + + + −
Table 5.2: Lepton Group Assignments
The Higgs sector is also mostly the same as in Sec. 1.5, being Z2
′
-even, with an
added Z2
′
-odd, T
′
-triplet, H
′′
3 . The five Higgs irreps of T
′
are shown in the following
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table. Note that this makes for a total of 11 doublets under the gauge group SU(2)L,
one of which may serve as the MSM Higgs.[123]
Higgs H11 H13 H3 H
′
3 H
′′
3
T
′
11 13 3 3 3
Z2 + − + − +
Z
′
2
+ + + + −
Table 5.3: Higgs Group Assignments
The resultant Lagrangian and Yukawa couplings are:
LY = 1
2
M0NTNT +
1
2
M1N
(1)
R N
(1)
R +M23N
(2)
R N
(3)
R +
YeLLeRH
′
3 + YµLLµRH
′
3 + YτLLτRH
′
3+
Y1LLN
(1)
R H3 + Y2LLN
(2)
R H3 + Y3LLN
(3)
R H3+
Y4LL(NTH
′′
3 )3 + Y5LL(NTH
′′
3 )3′+
Yt(QLtRH11) + Yb(QLbRH13)+
YC(QLCRH ′3) + YS(QLSRH3) + h.c. . (5.1)
It is interesting to note that the terms containing the new right-handed neutrino
triplet NT , and new Higgs H
′′
3 , result in a multiplication of (3 × 3× 3) under T′ . Sur-
prisingly, this results in only two (11) singlets,[124] producing two additional Yukawa
couplings, Y4 and Y5. This will prove important to our implementation of the Type-I
seesaw mechanism. Intriguingly, should these new Yukawa couplings prove com-
plex, they can naturally lead to leptogenesis.1
1It is notable that one decay mode of the tripletNT is into a light neutrino and dark matter.
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5.2.2 Generalized SeesawMechanism
At this point, we can summarize the VEVs of our model’s Higgs as follows,
< H3 > = (V1, V2, V3) ,
< H
′
3 > = (
mτ
Yτ
, mµ
Yµ
, me
Ye
) ,
< H
′′
3 > = (0, 0, 0) ,
< H11 >= (
mt
Yt
), < H13 >= (
mb
Yb
) .
(5.2)
< H
′
3 > is tied to the charged lepton masses and remains disconnected from the
neutrinos assuming the charged leptons are mass eigenstates. < H
′′
3 > must have at
least one component without a VEV in order to create stable dark matter, but must
also have 3 identical values in order for Z2
′
to commute with (T
′×Z2), hence three
zeroes. < H3 > remains in general form to be specified using the seesawmechanism.
As seen in Sec. 1.5, we can use the TBM form to generate a symmetry,
Mdiag = UTBMMνU
T
TBM ,
Mν = U
T
TBM


m1 0 0
0 m2 0
0 0 m3

UTBM ,
Mν =


A B C
B A C
C C A+B − C

 .
(5.3)
Next we will implement a generalized Type-I SeesawMechanism (the (3, 6) form,
defined by 3 families and 6 SU(2) singlet fields),[125] first noting the key equation in
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Ref. 126, given earlier in Eq. (1.14), which shows another way to determineMν ,
Mν =M
D
ν M
−1
R (M
D
ν )
T . (5.4)
The Dirac and Majorana mass matrices below are based on a generalized form of
those used in Ref. 57. Due to the 6 right-handed neutrino states, the Majorana matrix
enlarges to 6×6, while the Dirac matrix becomes 3×6. The zero elements of the Dirac
mass matrix are determined by the VEVs of H
′′
3 .
MDν =


0 0 0 Y1V1 Y2V3 Y3V2
0 0 0 Y1V3 Y2V2 Y3V1
0 0 0 Y1V2 Y2V1 Y3V3

 , MR =


M0 0 0 0 0 0
0 M0 0 0 0 0
0 0 M0 0 0 0
0 0 0 M1 0 0
0 0 0 0 0 M23
0 0 0 0 M23 0


. (5.5)
These alterations to the seesaw mechanism will result in the following version of
Eq. (1.21),
m1 = A+B − 2C = −9x23 ,
m2 = A+B + C = 0 ,
m3 = A− B = 6x1 + 3x23 .
(5.6)
As these mass equation remain essentially unchanged, they show that the addition of
a neutrino triplet to theMRT
′
Mdoes not change the results of the seesawmechanism
and preserves the predictions of Chs. 1, 2, 3. Consequently, the VEVs ofH3 will revert
to the form, < H3 >= V (1,−2, 1).
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5.3 T
′
Dark Matter Predictions
The T
′
WIMP candidate is the lightest state with an assignment of Z2
′
= −1. The
Z2
′
odd states being NT and H
′′
3 . The neutrino triplet NT , in particular, is expected to
be very heavy from the seesawmechanism discussed in the Sec. 5.2. It decays into an
H
′′
3 and a lepton, making it a good candidate for the leptogenesis mechanism.[127]
The WIMP candidate is therefore a superposition of the CP-even neutral scalars
contained in H
′′
3 , which has three SU(2)L doublets:
H
′′
3 (1) =

 h+1
h01 + iA1

 , H ′′3 (2) =

 h+2
h02 + iA2

 , H ′′3 (3) =

 h+3
h03 + iA3

 . (5.7)
This set includes 6 charged scalars, 3 neutral CP-even scalars, and 3 neutralCP-odd
scalars. Our dark matter candidate will be a superposition of the three real Z2
′
-odd,
CP-even, neutral scalar states:
ΦWIMP = αh
0
1 + βh
0
2 + γh
0
3 . (5.8)
An evaluation of the dark matter candidate coefficients, α, β, and γ, requires knowl-
edge of the coefficients in the Higgs scalar potential, shown in Appendix A, and is
beyond the scope of this discussion.
5.3.1 Relic Density and WIMPMass
One of the most significant properties of a proposed particle is its mass, and by
following the treatment laid out in Ref. 128 we can use the measured relic abundance
to determine this property,MΦ.
Beginning with the standard definition of dark matter abundance Ωc = ρ/ρcr,
and the standard assumptions that our particle is a cold relic (that freeze-out will
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occur when the particle is no longer relativistic), and that we will be focusing on the
dominant s-wave coannihilation into MSM QED vector bosons, we can state
Ωc =
MΦs0Y∞
ρcr,0
where ρcr,0 =
3H20
8πG
, s0 =
2π2
45
g⋆0T
3
0 . (5.9)
g⋆ is a count of the number of relativistic degrees of freedom and is a common part
of cosmological statistics. We have included a detailed discussion of the calculation
to retrieve this factor in Appendix B, but for our purposes g⋆ = 119.375 and g⋆0 =
65/22 ≈ 2.95. After plugging in and dividing both sides by a scale factor of χ =
100 km/s/Mpc (typical in reporting of astronomical results) we find,
Ωch
2 =
2Gg⋆0
5χ2
(
2πT0
3
)3
MΦY∞ , (5.10)
which includes the cosmic microwave background temperature T0 = 2.726
◦ K, and
the gravitational constant G = 6.671× 10−39 GeV−2.[21]
Next we need to determine Y∞ which can be approximated as
Y∞ ∽
H(MΦ)xf
s〈σA|v|〉x
∣∣∣∣
x=1
where s =
2π2
45
g⋆T
3 , H(MΦ) = H(x)
M2
Φ
T 2
. (5.11)
In this notation x ≡ MΦ/T , with xf being defined at the freeze-out temperature
(xf >∼ 3 for a cold relic). Next, H(x) can be obtained from the 2nd Friedman Equa-
tion by assuming a flat universe:
H(x) =
√
8πG
3
ρ where ρ =
π2
30
g⋆T
4 . (5.12)
Combining these equations leads to
Y∞ =
√
45G
πg⋆
xf
MΦ〈σA|v|〉 and Ωch
2 =
(
16π
5
2
9
√
5
)(
g⋆0√
g⋆
)(
T 30G
3
2xf
χ2〈σA|v|〉
)
. (5.13)
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In Ref. 128 an approximation for xf is established (accurate within 5% for any cold
relic value)
xf = ln
[√
45g⋆
32G
MΦ〈σA|v|〉
π3
]
− 3
2
ln
[
ln
{√
45g⋆
32G
MΦ〈σA|v|〉
π3
}]
, (5.14)
For the annihilation cross-section, we will turn to Ref. 129, which lists a general
form that we can customize. Recognizing that our dark matter candidate is a real
scalar, inhabits an SU(2) doublet, and, like the MSM Higgs, has a hypercharge of
Y = 1/2we see that,
〈σA|v|〉 ≃ 3g
4 + (g
′
)4 + 6g2(g
′
)2 + 4λ2
128πM2Φ
, (5.15)
where g and g
′
are the gauge coupling constants, defined as g =
√
4πα/ sin θW and
g
′
= g tan θW , respectively. Rather than solve the Higgs scalar potential (detailed in
Appendix A), we make the assumption that the quartic coupling constant, λ, yields a
very small contribution.
Now that all the pieces are in place, we can note that sin θW
2 = 0.2231 for the on-
shell scheme,[21] and recent data from Ref. 33 sets Ωch
2 = 0.11805. This leads to a
calculation ofMΦ ≈ 1.84 TeV
5.3.2 Dark Matter Detection
A thorough discussion of the techniques and evidence for dark matter detection
could fill volumes, so we will opt here for only a brief and superficial analysis. But it
remains the case that currently there is little to no evidence for dark matter beyond
the astrophysical evidence resulting in its discovery and confirmation.
Dark Matter detection usually falls into two categories: direct and indirect detec-
tion. Direct Detection would be any method of interacting with dark matter itself and
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Figure 5.1: Generated by Ref. 130, this figure details the current and projected limits
on WIMP dark matter masses and cross-section. We have indicated our rough pre-
diction for the T
′
dark matter candidate with a star. While this analysis is not geared
specifically towards our candidate, being designed for a WIMP arising out of SUSY,
these limits should still be roughly applicable.
includes searches from the LHC at CERN, as well as nuclear recoil experiments deep
underground. Indirect Detectors search for signs of dark matter decay or annihila-
tion. Most recently the PAMELA experiment and results from the Alpha Magnetic
Spectrometer generated a great amount of excitement after announcing an excess
of high-energy positrons,[131, 132] leading some to suggest that they had seen dark
matter decay products. While the cause of the anomaly remains uncertain, and could
simply be a local astrophysical source, it remains a promising sign.
In addressing direct detection, we can combine Eqs. (5.13, 5.14, 5.15) to get a first
order estimate for the coupling λ. Then using the derivation from Ref. 121,
σel(nucleon) ≈ λ2 ×
(
100GeV
MH
)4
×
(
50GeV
MΦ
)2
×
(
5× 10−42cm2
)
, (5.16)
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with the most recent measured value of the Higgs mass MH ≈ 125 GeV, we can
develop obtain an order-of-magnitude estimate for the dark matter-nucleon cross-
section for our model of ∽ 3× 10−46 cm2.
As Fig. 5.1 shows, our prediction remains below the most stringent limits placed
by current (or proposed) detectors. That said, each successive generation of detector
has pushed dark matter cross-section limits further down, with the current best limits
found at 20-30 GeV. We hope that in the coming years detectors improve to the point
where they will find our proposed WIMP.
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Chapter 6
Conclusions
6.1 Further Tests and Future Experiments
This Section is largely based on data found in the work of Ref. 133
Part of the reason for the rapid advances in understanding of neutrinos over the
past decade has been the continually growing number of neutrino experiments. In
this section we will try and mention key current and future experiments and what
aspects of our model they affect.
Most of the recent excitement in neutrino physics has been over the rapid ex-
perimental precision in measurements of θ13. These measurements primarily come
from the Daya Bay, Double Chooz, and RENO collaborations. While any of these
experiments might receive updates in the future, they currently stand poised to have
measured σ(sin2(2θ13)) < 3% by 2015. In addition, because θ13 is large, they may be
able to provide ∆m231 measurements.
Next are θ23 and ∆m
2
32. These parameters are currently being studied by the
Super-Kamiokande and IceCube experiments, with Minos+ set to join in 2013. Look-
ing to the future, the proposed INO and PINGU experiments may join this search
near the end of the decade. As these are key to our predictions, we will be closely
observing any new results.
The mass hierarchy question remains an unanswered for the time being. NOνA
will begin taking data in late 2013 and may soon have some relevant data on this
search. If, by the end of the decade, this factor remains unsettled, Daya Bay II, INO,
or the LBNE may be able to make a final determination
The CP-violating phase, δCP, has long been a mystery of the PMNS matrix, as
well as having one of the poorest constraints of the 28MSM parameters. Though sim-
ply assuming a value of 0 simplifies calculations, it may yet have a non-zero value.
Experiments have shown indications of what that value might be, but as their 1σ
spreads always contain the entire region 0-2π, it remains a secondary concern. Cur-
rently T2K and NOνA are attempting to measure δCP, with Hyper-K (an update of
Super-Kamiokande) and the LBNE to take the baton at the end of the decade.
6.2 Outstanding Questions and Future Directions
As we conclude, in the interest of candor, we note what work remains to be done
and what limitations our model continues to face.
Perhaps we should first mention the scope of our model. We have never claimed
that the T
′
model in its current form can act as a grand unified theory. As suchwe seek
to use it to better understand the mixing and masses of the leptons. We have made
some movement toward generating a true unified theory in Ch. 4, by demonstrating
that such a model is possible in a Quiver Theory, but these are simply first steps.
Ideally, the completed flavor symmetry should be reconcilable with the Lie Groups
that make up the MSM and more holistic theories.
Another outstanding issue remains a satisfying inclusion of the full CKM matrix.
Thus far we have shown that the (2×2) Cabibbo matrix offers increased certainty but
decreased utility, whereas our attempts to examine the full CKM matrix are stymied
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by the added complexity. As fermion mixing is so integral to our model, this lack of
coherence may be creating a number of problems. As mentioned earlier, our model
produces an inaccurate value for (m2d/m
2
s) and only the vaguest checks against the
CKM element values. To a degree this is due to by the lack of higher order corrections
to the model, and by having multiple choices in forming the NMRT
′
M from Ch. 3.
Another issue remains the solar mass splitting. While experiments have clearly
shown that the neutrino mass eigenstates, m1 and m2, have a separation of roughly
∆m221 = 7.5 × 10−5 eV, our models, thus far, have maintained these mass states are
equal. As with the other listed issues, there are a number of potential perturbations
that might be introduced to compensate for this initial assumption, but we are left
with the dual problems of altering the neutrino properties while maintaining the
symmetry and properly motivating this change without simply fitting to the data.
One last area of uncertainty is that of the assumptions we have made about neu-
trino properties, namely the NH, Majorana behavior and others. Many models have
a point of rigidity, a place where strong assumptions have been made that cannot
be modified or altered without undoing the theory. In the past few years, a com-
mon tripping point for other theories has been θ13 6= 0. Even the original Valencia
work was inflexible on this point (unlike our variation in Ch. 5).[121] For our model,
that point of rigidity may indeed be our assumption of the normal hierarchy. While
an inverted hierarchy would in no way undermine the potential of our T
′
theory,
our choice of VEVs and our use of shared Higgs between leptons and quarks do not
leave much room for alteration. At this point there remains no preferred hierarchy,
only time, and experimental results, will tell if this assumption is borne out.
On the same note, we should also mention our model’s inability to predict the
individual neutrino masses. Although only upper bounds for these masses exist, it
would be preferable to suggest a value for experiments to reach for. In addition, we
have always assumed that δCP = 0. While this was done largely in the interest of
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simplifying the algebra to a solvable degree, it may not be the case. If this proves true
we will need to accommodate this, and deal headlong with that more complicated
reality.
6.3 Summation
Having now explained how our model works, both its capabilities and limita-
tions, we should make some comments about our work in the context of the greater
physics community. The work we have presented here is admittedly flawed, at times
incomplete, and overly vague. And yet the number of completely verified and unani-
mously accepted theories in particle physics can likely be counted at less than a dozen
for a generation. The real question to ask is: does this investigation advance our col-
lective understanding of either the mathematical principles underlying our models,
or the physical systems we are trying to describe. To both, we would answer: yes.
We have managed to use finite group symmetries to successfully explain a num-
ber of features of the quark and lepton mixing, we would hope that this model,
and those like it, would prove the benefits to incorporating these ideas into future
attempts at unification. In addition, the model as stated has proven remarkably re-
silient. Wemanaged to predict that θ13 would prove to be nonzero, and that θ23 would
be non-maximal and correlated together. While our model has limitations and may
prove incorrect in the long run, the accuracy we have seen so far is immensely excit-
ing. We would hope that it might prove the spark for new discoveries as we pass into
an era of BSM physics.
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Appendix A
The Higgs Scalar Potential
This Appendix is adapted from Appendix A in Ref. 119
As stated in Ch. 5, below is the Higgs scalar potential up to quartic order, con-
sisting of 218 terms and 77 hermitian conjugates. We will use 11,2,3, to represent the
three singlet representations of T
′
; additionally 31 and 32 will be used to distinguish
the two triplet products of two contracted T
′
triplets.
We have studied assiduously the set of equations ∂V/∂vi, where the vi are the
VEVs, and the related requirements for a local minimum of positive Hessian eigen-
values. We find, after careful calculation, that the VEVs in Eq. (5.2) are allowed with-
out fine-tuning.
Without further assumptions, one cannot determine the superposition coefficients
α, β, and γ from Eq. (5.8). It may be fruitful to seek an additional assumption to
increase our model’s predictivity. For the dedicated reader who wishes to pursue
this interesting question, we provide the complete Higgs potential below.
V = µ2H11H
†
11H11 + µ
2
H13
H†13H13 + µ
2
H3
H†3H3
+µ2
H
′
3
H
′†
3 H
′
3 + µ
2
H
′′
3
H
′′†
3 H
′′
3 + λ1[H
†
11H11 ]
2
11
+λ2[H
†
13H13 ]
2
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†
11H11 ]11 [H
†
13H13 ]11
+λ4[H
†
11H
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13 ]12 [H11H13 ]13 + λ5[H
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13H
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13 ]13 [H13H13 ]12
+λ6[H
†
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3 H
′′
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Appendix B
Counting Relativistic Degrees of
Freedom
Anotable hurdle in a darkmatter relic density calculation is determining the num-
ber of relativistic degrees of freedom. This factor, g⋆, can be calculated using the for-
mula from Ref. 128:
g⋆ =
∑
i=bosons
gi
(
Ti
Tγ
)4
+
7
8
∑
j=fermions
gj
(
Tj
Tγ
)4
, (B.1)
where Tγ is the photon temperature. In the modern universe, with a temperature of
approximately 2.7◦ K this number is quite small because so few objects fit the require-
ments, basically the photon and the neutrinos:
g⋆0 = (2H × 1b)γ0 + (3e,µ,τ × 1M × 1L × 78 f × 411E)ν ≈ 2.95 , (B.2)
where we have assumed Majorana neutrinos (Dirac neutrinos typically yield a value
of g⋆0 = 3.91. In this demonstration, we have signified with subscripts the causes
for several contributing factors. The subscripts b and f indicate boson or fermion,
respectively. The subscript L indicates the left-handed (or right-handed for subscript
R) helicity state. A bar indicates a factor from antiparticles, while a subscriptM is for
Majorana fermions (who are their own antiparticle). Here, the subscript E indicates a
contribution from entropy, which only becomes a factor on very recent cosmological
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scales (long after dark matter freezes out). Two subscripts, unused here, but still
important, are C for single colored variants and Sp from the massive bosons. Below,
in Fig. B, we have included a tabulation for all of the potential relativistic degrees of
freedom for themodel detailed in Ch. 5 at some arbitrarily high temperature, yielding
a value of g⋆ = 119.375 (The MSM produces a value of gSM = 104.125 for Majorana
neutrinos and gSM = 106.75 for Dirac neutrinos). Depending on when dark matter
freeze-out occurs this leads to a range of possible values above the MSM, up to 15.25,
but to find the extremes of our theory we assume the maximum allowed value.
Particles Multipliers DoF
 u c t
d s b

 ×2¯× 2L,R × 3C × 78 f 63
(
e− µ− τ−
)
×2¯× 2L,R × 78 f 10.5(
νe νµ ντ
)
L
×1M × 1L × 78 f 2.625(
N1 N2 N3 NT
)
R
×1M × 1R × 78 f 5.25(
H11 H13 H3 H
′
3 H
′′
3
)
×1Sp × 1b 11(
Z0 W
+ W−
)
×3Sp × 1b 9(
γ0
)
×2L,R × 1b 2
 grb¯ grg¯ gbg¯ grr¯−gg¯
gr¯b gr¯g gb¯g grr¯+gg¯−bb¯

 ×2L,R × 1b 16
Total g⋆ 119.375
Table B.1: Potential Relativistic Degrees of Freedom for our dark matter model
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